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Abstract 

We show that a hyperbolic 3-manifold can be the cyclic branched cover 
of at most fifteen knots in S^. This is a consequence of a general result 
about finite groups of orientation preserving diffeomorphisms acting on 
3-manifolds. A similar, although weaker, result holds for arbitrary irre¬ 
ducible 3-manifolds: an irreducible 3-manifold can be the cyclic branched 
cover of odd prime order of at most six knots in S®. 
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1 Introduction 

A classical way of presenting certain closed orientable 3-manifolds is by taking 
cyclic covers of branched along knots. This article deals with the question 
of understanding in how many ways a given manifold can be presented as the 
total space of a cyclic branched cover of some knot. Given a closed orientable 3- 
manifold M, these different presentations are in one-to-one correspondence with 
conjugacy classes of the corresponding groups of deck transformations. These 
are finite cyclic groups generated by periodic diffeomorphisms with connected 
and non-empty fixed-point set, and orbit space homeomorphic to the 3-sphere. 

We call such diffeomorphisms hyperelliptic rotations. 

For example, the 3-sphere is the n-fold cyclic branched cover of the trivial 
knot for any integer n > 2. On the other hand, due to the orbifold theorem, 
it is known that for a closed 3-manifold which is not homeomorphic to S^, the 
order of a hyperelliptic rotation is bounded by a constant depending on the 
manifold, see mi- So when M is not the 3-sphere one may ask whether 
there is a universal upper bound for the number of distinct conjugacy classes of 
groups of deck transformations associated to cyclic branched covers. We show 
that this is indeed the case if the manifold is hyperbolic. For the general case of 
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irreducible manifolds we obtain a universal bound only for the groups of deck 
transformations that have odd prime order. 

Establishing such a universal upper bound for hyperbolic 3-manifolds boils 
down to bounding the number of conjugacy classes of cyclic groups of isometries 
generated by hyperelliptic rotations inside the finite group of isometries of the 
manifold. Since any finite group acts on some hyperbolic 3-manifold |Ko3] . [CL] 
we have to consider any finite group action on a 3-manifold. The proof, however, 
only uses that the manifold is not S^, so our main result is the following 

Theorem 1. Let M be a closed orientable connected 3-manifold which is not 
homeomorphic to S^. Let G be a finite group of orientation preserving dif- 
feomorphisms of M. Then G contains at most six conjugacy classes of cyclic 
subgroups generated by a hyperelliptic rotation of order not a power of 2. 

Thanks to previous work of one of the authors ( [Mecj ) and of M. Reni ( [Re] 1 
on hyperelliptic rotations of orders a power of 2 (see Section [T] Theorem IHj), we 
deduce: 

Corollary 1. Let M be a closed orientable connected 3-manifold which is not 
homeomorphic to S^. Let G be a finite group of orientation preserving diffeo- 
morphisms of M. Then G contains at most fifteen conjugacy classes of cyclic 
subgroups generated by a hyperelliptic rotation. Moreover, the set of orders of 
such subgroups has cardinality at most nine. 

The above corollary applies in particular to the orientation preserving group 
of isometries Isom^{M) of a closed hyperbolic 3-manifold M which is finite. 
Since any hnite group of orientation preserving diffemorphisms acting on M is 
conjugate to a subgroup of Lsom'^{M), the following is a direct consequence of 
Corollary [T] 

Corollary 2. A closed orientable connected hyperbolic 3-manifold M is a cyclic 
cover ofS^ along a knot for at most fifteen distinct knots. The possible branching 
orders are at most nine. 

From Corollary |T] it is also possible to derive a characterisation of the 3- 
sphere: 

Corollary 3. A closed, connected, orientable 3-manifold M is homeomorphic 
to if and only if there is a finite goup G of orientation preserving diffeo- 
morphisms of M such that G contains sixteen conjugacy classes of subgroups 
generated by hyperelliptic rotations. 

One interesting aspect of the proof of Theorem |T] is the substantial use of 
hnite group theory and the classihcation of hnite simple groups. In particular, 
it relies on previous works on hnite groups acting on 3-manifolds by two of 
the authors in [Mec2] and |MZ] . A crucial point is to control the rank of the 
p-Sylow subgroup of a hnite group acting on a 3-manifold. More precisely, 
the proof of Theorem [1] splits into various cases, according to the structures 
of the normalisers of the Sylow p-subgroups containing an element of order p 
that is a power of a hyperelliptic rotation, where p is an odd prime number. 
This structure is rehected in the symmetry group of the branching knot in 
the quotient of the manifold by the action of the hyperelliptic rotation, see 
Proposition |S| in Section [51 
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Note that, although the proof of Theorem [T] uses the classification of finite 
simple groups, it is enough to know that there is only a finite number of spo¬ 
radic simple groups (that is, groups that are not alternating or of Lie type) 
to conclude on the existence of a uniform bound on the number of conjugacy 
classes. Since, as we have already observed, every finite group acts on some 
closed orientable 3-manifold (see also Section ITUl) there is no way to avoid rely¬ 
ing on the classification of finite simple groups to prove the above results. If we 
only consider 3-manifolds that are Z/2-homology spheres though, the proof of 
Theorem [1] (with the very same bounds) only relies on the Gorenstein-Harada 
classification of simple groups with sectional 2-rank < 4, see Corollary [3 
Indeed, the homological condition provides control on the size of the Sylow 
2-subgroups of finite groups that can act on such manifolds. For other topolog¬ 
ical conditions that impose constraints on the finite groups that can act on a 
manifold see [Mec2) . 

It follows from the proof of Theorem [T] that the existence of at least four 
distinct conjugacy classes of hyperelliptic rotations of orders not powers of 2 in a 
finite group G of orientation preserving diffeomorphisms of a closed 3-manifold 
imposes constraints on the structure of G. A description of the structure of G, 
which is somehow technical, is given in Proposition [TT] 

Irreducible Z-manifolds 

Theorem[T]has several geometric consequences, notably on the different ways 
a given manifold can appear as the total space of a cyclic cover of branched 
along a knot, without requiring that the manifold is hyperbolic. 

Theorem 2. Let M he a closed orientable connected irreducible i-manifold. 
Then there are at most six inequivalent knots in having M as cyclic branched 
cover of odd prime order 

Theorem [2] follows from Theorem [T] and the existence of an equivariant geo¬ 
metric decomposition for a closed irreducible 3-manifold M with finite effective 
and non free group action, according to the orbifold theorem, see for example 
[BHP] . and also [BIP] . pIK] . [KL]. 

Remark 1. a) Note that one cannot hope to extend the result of Theorem [3 
to arbitrary prime orders. Indeed, although a universal bound exists on the 
number of knots that can be double covered by a given hyperbolic manifold by 
work of Reni [Re] . no such bound exists in general. In fact, given any integer 
n there are infinitely many closed orientable Seifert fibred 3-manifolds with at 
least n conjugacy classes of hyperelliptic rotations of order 2, see Remark [HI in 
Section o As in the case of Seifert fibred manifolds, other types of toroidal 
manifolds, that is manifolds with a non trivial JSJ-decomposition, can also 
admit arbitrarily many conjugacy classes of hyperelliptic rotations of order 2. 
As a consequence the finiteness result of Theorem [3 does not hold for 2-fold 
branched covers in general. 

b) Also, one cannot extend the result of Theorem |3 to arbitrary orders 
that are not powers of 2, like in Theorem [I] in Section 19.11 we give examples 
of closed, irreducible, orientable Seifert fibered 3-manifolds with an arbitrarily 
large number of conjugacy classes of cyclic groups generated by hyperelliptic 
rotations of odd, but not prime, orders, see Proposition (Hj Our examples are 
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not rational homology spheres, while the primeness assumption for the orders 
of the hyperelliptic rotations forces the manifold M to be a rational homology 
sphere, see Remark [5] in Section [5] 


Arbitrary 3-manifolds 

Using the decomposition of a closed orientable connected 3-manifold as a 
connected sum of prime manifolds, we deduce from Theorem [5] an upper bound 
on the number of odd primes that can occur as orders of hyperelliptic rotations 
of arbitrary closed 3-manifolds. Remark that for any k G N and every odd 
prime p there are non prime 3-manifolds that are the p-fold cyclic covers of at 
least k non equivalent knots, so that Theorem [5] does not generalise to arbitrary 
manifolds. 

Corollary 4. Let M be a closed (orientable) connected 3-manifold which is 
not homeomorphic to the 3-sphere S^. Then M is a p-fold cyclic cover of 
branched along a knot for at most six distinct odd prime numbers p. 

In [BPZj three of the authors showed that the upper bound is 3 for the num¬ 
ber of odd prime orders of hyperelliptic rotations acting on an integral homology 
sphere. In that case, the proof relies heavily on the restrictions on finite groups 
acting on integral homology 3-spheres. Such restrictions cannot exist in general 
since, as we observed at the beginning, every finite group does act on some 
closed orientable 3-manifold. Even if we only consider cyclic branched covers 
of knots of prime orders, which are rational homology spheres, no restriction 
can be obtained a priori, for every finite group acts on some rational homology 
sphere m- the actions constructed in m are free, but the same proof shows 
that for each finite group G it is also possible to construct a faithful and non 
free action of G on some rational homology sphere (see the Section [TU] for more 
details on this). 

At this point we do not know if the bound of Corollary 0] is sharp. So far, 
only exemples of manifolds that are p-fold cyclic covers of branched along 
a knot for three distinct odd primes p and for p = 2 are known. Exemples 
are provided, for instance, by Brieskorn spheres of type Yl{p,q,r), where p, q, 
and r are three pairwise different odd primes: Ti(jp,q,r) is the p-fold (resp. q- 
fold and r-fold) cyclic cover of branched along the torus knot T{q,r) (resp. 
T(p, r) and T(p, q)) as well as the double branched cover of a Montesinos knot. 
Examples of hyperbolic manifolds that are p-fold cyclic covers of branched 
along a knot for three distinct odd primes p can also be exhibited |R Z2] . 

Corollary m gives yet another characterisation of the 3-sphere, S^: 

Corollary 5. A closed orientable connected 3-manifold M is homeomorphic to 

if and only if M is a p-cyclic cover of branched along a knot for at least 
seven distinct odd prime numbers. 


The paper is organised as follows. In Section [2] we define what (hyperel¬ 
liptic) rotations are and determine different types of algebraic properties and 
constraints that they must satisfy. In Section [3l we give a proof of Theorem [T] 
under the extra hypothesis that the group G is solvable. In this case it is not 
difficult to show that, up to conjugacy, all hyperelliptic rotations must commute. 
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The central part of the paper is consacrated to the proof of a weaker version 
of Theorem [TJ in which hyperelliptic rotations are assumed to have odd prime 
order, namely: 

Theorem 3. Let M be a closed orientable connected S-manifold which is not 
homeomorphic to S^. Let G be a finite group of orientation preserving dif- 
feomorphisms of M. Then G contains at most six conjugacy classes of cyclic 
subgroups generated by a hyperelliptic rotation of odd prime order. 

In Section |4] we recall some standard definitions in finite group theory and 
provide several preliminary results that will be used in the following. The actual 
proof of Theorem [3] is split into two cases according to different properties of 
the hyperelliptic rotations contained in G and their associated quotient knots. 
In Section Owe assume that at least one of the knots is not self-symmetric (see 
Section [2] for a definition and the translation of this property into algebraic 
terms), while in Section Owe assume that none is. In Section [7] we explain how 
the proof of Theorem [T] can be reduced to that of Theorem 0 The reduction 
of the proof relies basically on the fact that the Sylow p-subgroup containing a 
non-trivial power of a hyperelliptic rotation has the same structure as that of a 
Sylow p-subgroup containing a hyperelliptic rotation of order p. In particular, 
all the key ingredients and essential difficulties are already encountered in the 
proof of Theorem [31 In this section we also give the proof of Corollary [I] In 
Section |5| we show that Theorems [T] and |3| are trivially fulfilled if the manifold is 
reducible, for no interesting finite group action exists on such manifolds. Section 
[9] is devoted to the proof of Theorem [2] and Corollary |4l More precisely, in 
Section l9T] we show that Theorem [2] holds for Seifert fibred manifolds, while in 
Section [3?3] Theorem 13] is deduced from Theorem |3| for the remaining irreducible 
3-manifolds, that is hyperbolic 3-manifolds, and 3-manifolds admitting a non 
trivial JSJ-decomposition. Finally, in Section (TUI we see why every finite group 
acts non freely on some rational homology sphere. 


2 Rotations and their properties 

In this section we shall introduce certain special periodic diffeomorphisms and 
establish some of their properties. Note that all through the paper, unless 
otherwise stated, 3-manifold will mean orientable, connected, closed 3-manifold. 
Also, all finite group actions by diffeomorphisms will be faithful and orientation 
preserving. 

Definition 1. Let ip : M —> M he a finite order diffeomorphism of a 3- 
manifold M. We shall say that ip is a rotation if it preserves the orientation 
of M, Fix{ip) is non-empty and connected, and Fix{ip) = Fix^ip^) for all non 
trivial powers ip^ of fi. Fix{'ip) will be referred to as the axis of the rotation. 
Note that if '0 is a periodic diffeomorphism of prime order, then ip is a rotation 
if and only if Fix{ip) = S^. 

We shall say that a rotation ip is hyperelliptic if the space of orbits M/ip of 
its action is S^. 

Remark 2. Assume that 0 is a hyperelliptic rotation acting on a 3-manifold 
M then: 
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1. The natural projection from M to the space of orbits M/V' of '0 is a cyclic 
cover of branched along a knot K = Fix{ip)/ip. The converse is also 
true, that is any deck transformation generating the automorphism group 
of a cyclic covering of branched along a knot is a hyperelliptic rotation. 

2. If the order of 0 is a prime p, then M is a Z/p-homology sphere |Go] . 

We start with a somehow elementary remark which is however central to 
determine constraints on finite groups acting on 3-manifolds. 

Remark 3. Let G C Dif be a finite group of diffeomorphisms acting on 

a 3-manifold M. One can choose a Riemannian metric on M which is invariant 
by G and with respect to which G acts by isometries. Let now 0 G G be 
a rotation. Since the normaliser A/g(( 0)) of 0 in G consists precisely of those 
diffeomorphisms that leave the circle invariant, we deduce that jVg((0)) 

is a finite subgroup of Z/2 k (Q/Z©Q/Z), where the nontrivial element in Z/2 
acts by conjugation sending each element of Q/Z©Q/Z to its inverse. Note that 
the elements of A/g'(( 0)) are precisely those that rotate about Fix{'tp), translate 
along Fia:(0), or invert the orientation of Fia;(0); in the last case the elements 
have order 2 and non empty fixed-point set meeting T'ia;(0) in two points. 

Note that if M 0 and 0 is a hyperelliptic rotation of order n > 2, then 
its centraliser Cg(( 0)) in G satisfies 1 —(0) —Cg((0)) —S’ H —1, where 
H is cyclic, possibly trivial. This follows easily from the positive solution to 
Smith’s conjecture which implies that any group of symmetries of a non-trivial 
knot K (that is, any finite group of orientation-preserving diffeomorphisms of 

acting on the pair {S^,K)) is either cyclic or dihedral. 

Definition 2. With the notation of the above remark, we shall call Fix{ip)- 
rotations the elements of A/g'(( 0)) that preserve the orientation of Fix{ip) and 
Fix{il))-inversions those that reverse it. 

Lemma 1. Consider two rotations contained in a finite group of orientation 
preserving diffeomorphisms of a 3-manifold M. 

1. A non trivial power of the first rotation commutes with a non trivial power 
of the second, both of orders different from 2, if and only if the two rota¬ 
tions commute. 

2. Assume M 0 S^. If the two rotations are hyperelliptic and their fixed-point 
sets coincide, then they generate the same cyclic group (in particular they 
have the same order). 

Proof. 

Part 1 The sufficiency of the condition being obvious, we only need to prove the 
necessity. Remark that we can assume that both rotations act as isometries for 
some fixed Riemannian metric on the manifold. To fix ideas, denote by 0 and (/? 
the two rotations and by g and / respectively their non trivial powers. Note that, 
by definition, Fixfip) = Fix(g) and Fixiip) = Fix{f). Since g and / commute, 
g leaves invariant Fix{(p) = Fix{f) and thus normalises every rotation about 
Fix{ip). Moreover g and p commute, for the order of g is not 2 (see Remark[3]). 
In particular p leaves Fixfif) = Fix{g) invariant and normalises every rotation 
about Fix{'ip). The conclusion follows. 
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Part 2 Reasoning as in Part 1, one sees that the two rotations commute. As¬ 
sume, by contradiction, that the subgroups they generate are different. Under 
this assumption, at least one of the two subgroups is not contained in the other. 
Without loss of generality we can assume that {ip) (ijj). Take the quotient of 
M by the action of ip. The second rotation ip induces a non-trivial rotation of 
which leaves the quotient knot K = Fix{ip)/ip C invariant. Moreover, this 
induced rotation fixes pointwise the knot K. The positive solution to Smith’s 
conjecture implies now that K is the trivial knot and thus M = S^, against the 
hypothesis. □ 

2.1 Rotations on Z/p-homology spheres 

Let M he a Z/p-homology sphere, p a prime number. If i/) is a periodic diffeo- 
morphism of order p acting on M then, according to Smith’s theory, either ip 
acts freely on M or it is a rotation. A generalisation of this fact is the following 
result whose proof can be found in [MZl Prop 4, page 679]: 

Lemma 2. Let H = ’LjptB'^lp act faithfully on a h/p-homology sphere. Then 
either H contains precisely two cyclic subgroups generated by rotations or p = 2 
and all three cyclic subgroups are generated by rotations. 

The previous remark and the above lemma have the following consequence: 

Proposition 1. Assume that the odd prime p is the order of a rotation f 
inside a finite group of diffeomorphisms G acting faithfully on and preserving 
the orientation of a h/p-homology sphere M. The Sylow p-subgroup Sp of G is 
either cyclic or of the form 'Llp°' © Z/p^. 

Proof. 

Up to conjugacy we can assume that f € Sp. According to Remark [31 the 
normaliser N = Msp{{f)) of (/) in S'p is either cyclic or of the form Z/p“®Z/p^, 
for p is odd. We want to show that N = Sp. According to [SSIl 1.5, page 88], 
either N = Sp or there exists x € N'sp{N)\N. If N is cyclic, then every element 
of Msp{N) must normalise the group generated by / so that N = Sp. We can 
thus assume that N = 'Ljp'^ and consider its characteristic subgroup 

H = IjIp (B 'iPp which contains /. H acts on M which is a Z/p-homology 
sphere hence, according to LemmajH H contains precisely two cyclic subgroups 
generated by rotations (one being generated by / and the other, say, by /'). 
Assume now, by contradiction, that N ^ Sp. We can then choose x as described 
above. Since the order of x is odd, x cannot exchange Fix{f) and Fix{f'), so x 
must normalise the group generated by / and a contradiction is reached, proving 
the proposition. □ 

Proposition 2. Let G C Dif f^{M) be a finite group acting on a h/p-homology 
sphere M. Let f € G be a rotation of odd prime order p and S be a Sylow p- 
subgroup of G containing f. Then Mg{S) contains AfcHf)) with index at most 
2 and contains an abelian subgroup of rank at most 2 with index at most 4. In 
particular Mg{S) is solvable. 

Proof. 

The Sylow p-subgroup S is described in Proposition [T] and Ag({/)) is de¬ 
scribed in Remark |3J since S is abelian we clearly have S C Ag({/)). The 
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normaliser of (/) in G contains Fix{f)-TotatioTis and Fix{f)-uiveTsioiis, hence 
it is contained in MciS). If each element in AfciS) normalises (/) (in particular 
if S is cyclic), we are done. Otherwise S has rank two and contains precisely 
two subgroups of order p generated by a rotation (the group generated by / 
and another one; see Lemma [2]). Each element contained in the complement 
AfciS) \ A/g((/)) exchanges by conjugation these two cyclic groups, so the in¬ 
dex of Afciif)) in AfciS) is two. □ 

2.2 Hyperelliptic rotations 

The results of the previous subsection apply in particular to hyperelliptic ro¬ 
tations of odd prime order p. Indeed, in Propositions [T] and [H the condition 
that M is a Z/p-homology sphere can be replaced by the condition that / is a 
hyperelliptic rotation of order p, according to part 2 of Remark [2j Better still, 
in what follows we will show that it suffices that / is a power of odd prime order 
of a hyperelliptic rotation to reach the same conclusions. 

Lemma 3. Letp be an odd prime and assume that FI = Z/p©Z/p acts faithfully 
by orientation preserving diffeomorphisms on a S-manifold M. Assume, more¬ 
over, that H contains a non-trivial power f of a hyperelliptic rotation p of M. 
Then H contains at most two subgroups generated by elements with non-empty 
fixed-point sets. 

Proof. 

First of all, it is not restrictive to assume that M is not homeomorphic to 
S^, otherwise we are done by Lemma [5] 

We need to prove that, besides the cyclic group generated by the rotation 
/, H contains at most one other cyclic subgroup generated by an element g so 
that Fixig) 0. 

Reasoning as in the proof of the first part of Lemma [TJ the elements of 
H commute with p and thus induce symmetries of the non trivial knot K = 
Fixip)/p. Also, since p commutes with every subgoup of H it leaves setwise 
invariant each fixed-point set of cyclic subgroups of H. 

We observe now that if G is a finite group acting by orientation preserv¬ 
ing diffeomorphisms on a manifold and x,y € G are two elements such that 
Fixix) = Fixiy) 0 then (x, y) is cyclic; in particular if x and y have the same 
order they generate the same subgroup. This can be easily seen by considering 
a G-equivariant Riemmanian structure on M. 

As a consequence different cyclic subgroups inside H acting non freely must 
have different fixed-point sets. Since H /(/) maps to a rotation of this implies 
that at most one cyclic group other than (/) has non-empty fixed-point set. □ 

The following proposition is just a restatement of Propositions [1] and [5] in 
this setting and it is also proved in the very same way using the fact that by 
Lemma [3] there are at most two cyclic subgroups of order p having non-empty 
fixed-point set. 

Proposition 3. Let G C Diff'^iM) be a finite group acting on a 3-manifold 
M. Let f G G be an element of odd prime order p which is a non-trivial power 
of a hyperelliptic rotation. Let S be a Sylow p-subgroup ofG containing f. Then 


• the Sylow p-subgroup S is either cyclic or the product of two cyclic groups, 
and 

• its normaliser Ng{S) contains Mg({/)) with index at most2, and contains 
an abelian subgroup of rank at most 2 with index at most 4. In particular 
Mg{S) is solvable. 


□ 


This general observation will be useful in the future. 

Remark 4. Under the hypotheses of Proposition [2] or of Proposition |3l the 
normaliser of S contains the normaliser of (/) with index 2 if and only if the 
two cyclic subgroups generated by the two rotations in S are conjugate. This 
case happens if and only if Mg (S) contains elements of order a power of 2 which 
do not act in the same way on all elements of order p in S. Indeed, all elements 
in A/g((/)) either commute with all elements of order p or act dihedrally. On 
the other hand, any element g in Mg{S) \MG{{f)) conjugates / to a rotation 
f = 9f9~^ generating a different cyclic group, so that (up to perhaps taking 
a power of g) one has gf'fg~^ = f'f and gf'f~^g~^ = (/7“^)"\ i-e. g acts 
dihedrally on some elements of order p while it commutes with others. 

2.3 Rotations and symmetries of knots 

Definition 3. A rotation of a knot K in is a rotation ip of such that 
ip{K) = K and K n Fix{ip) = 0. We shall say that ip \s d. full rotation if K/ip 
in is the trivial knot. 

Remark 5. Let ip and p be two commuting rotations acting on some manifold 
M whose orders are different from 2 and whose axes are distinct. Assume that 
ip is hyperelliptic. In this case (p induces a rotation (p oi K = Fix{ip)/ip, for 
Fix{ip) n Fix{(p) = 0 (see Remark [21). We have that p is hyperelliptic if and 
only if (/) is a full rotation. This can be seen by considering the quotient of M 
by the action of the group generated by ip and p. This quotient is and the 
projection onto it factors through M/p, which can be seen as a cyclic cover of 

branched along K/(p. By the positive solution to the Smith conjecture, M/p 
is if and only if K/(p is the trivial knot. 

The following finiteness result about commuting rotations of a non trivial 
knot in is one of the main ingredients in the proof of TheoremflOl (see [BoPal 
Proposition 2], and [BoPal Theorem 2] for a stronger result where commutativity 
is not required). 

Proposition 4. Let K be a non-trivial knot in S^. Then there are at most two 
non conjugate cyclic subgroups of Dif f'^[S^,K) generated by pairwise commut¬ 
ing full rotations. 

Proof. 

Assume by contradiction that there are three non conjugate cyclic groups 
generated by commuting full rotations of K, p, ip and p respectively. If two 
of them -say p, ip- have the same axis, then by hypothesis they cannot have 
the same order. Fix the one with smaller order -say ip-: the quotient K/ip is 
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the trivial knot, and (p induces a rotation of K/ij) which is non trivial since p 
commutes with ip and its order is distinct from that of ip- The axis A of this 
induced symmetry is the image of Fix{ip) in the quotient by the action 

of In particular K/ip and A form a Hopf link and K is the trivial knot: this 
follows from the equivariant Dehn lemma, see [Hilj . 

We can thus assume that the axes are pairwise disjoint. Since the rotations 
commute, even if one of them has order 2, it cannot act as a strong inversion 
on the axes of the other rotations. Therefore we would have that the axis of p, 
which is a trivial knot, admits two commuting rotations, p and tp, with distinct 
axes, which is impossible: this follows, for instance, from the fact (see |EL1 Thm 
5.2]) that one can find a fibration of the complement of the trivial knot which 
is equivariant with respect to the two symmetries. □ 

Observe that the proof of the proposition shows that two commuting full 
rotations of a non trivial knot either generate the same cyclic group or have 
disjoint axes. 

Remark 6. If a knot K C admits a full rotation, then it is a prime knot, 
see [BoPal Lemma 2]. 


Let now G C Diff^{M) be a finite group of diffeomorphisms acting on 
M ^ S^. Assume that G contains a hyperelliptic rotation p admitting a non¬ 
trivial power / of odd prime order p. Let K be the non trivial knot Fix{p)/{p). 
The proof of Theorems [3] and [T] will be divided into different cases according to 
the structure of the normalisers of the Sylow p-subroups of G containing (non 
trivial powers of) hyperelliptic rotations. 

In what follows we will provide a dictionary translating between algebraic 
properties of the structure of the normaliser of (/) in G and of the Sylow p- 
subgroup containing it, and the existence of special symmetries of K. 

We need the following definition. 

Definition 4. A 2-component link is called exchangeable if there exists an 
orientation-preserving diffeomorphism of which exchanges the two compo¬ 
nents of the link. 

Let AT be a knot and ip a rotation of K of order n and with axis A. Consider 
the 2-component link AT U A consisting of the images of the knot K and of the 
axis A in the quotient of the 3-sphere by the action of ip. Note that at 

least one component of this link (i.e. A) is trivial. We call K n-self-symmetric 
if AT U A is exchangeable. In this case ip is a full rotation of AT. 
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Figure 1: A 5-self-syinmetric knot on the left, and its exchangeable quotient 
link on the right. 

Since the structure of the normaliser of (/) and of its centraliser, only depend 
on the symmetries of K that lift to G, we introduce the following definitions: 

Definition 5. Let G be a hnite group of orientation preserving diffeomorphisms 
of a closed connected 3-manifold M. Let be a hyperelliptic rotation contained 
in G with quotient knot K. We say that K is strongly invertible with respect 
to G \i K admits a strong inversion that lifts to G. Similarly we say that K 
is self-symmetric with respect to G if G contains an element ip' conjugate to p 
such that the subgroup {p, p') is abelian of rank 2, i.e. not cyclic. Remark that 
in the latter case K is n-self-symmetric, where n is the order of p. 

Proposition 5. Let K, p, f, and G be as above. 

• The centraliser of {/) in G is contained with index 2 in its normaliser if 
and only if K is strongly invertible with respect to G. 

• The normaliser of (/) in G is contained with index 2 in the normaliser of 
Coif) w G if and only if K is self-symmetric with respect to G. 

Moreover, if M is hyperbolic and G = Iso'^{M), K is strongly invertible if and 
only if it is strongly invertible with respect to G, and it is self-symmetric with 
respect to G if and only if it is n-self-symmetric, where n is the order of the 
hyperelliptic rotation p. 

Proof. 

The necessity of the two conditions follows readily from Definition [5j so we 
only need to prove their sufficiency. 

Any element in the normaliser of (/) leaves Fix{f) setwise invariant and so 
belongs to the normaliser of {p). As a consequence any element in the normaliser 
of (/) induces a symmetry of K. If the normaliser of (/) is not abelian, it must 
contain F'ia:(/)-inversions which induce strong inversions of the knot K. This 
proves the first part of the proposition. 

For the second part, we have already noticed that the centraliser of / must 
contain a second cyclic subgroup generated by a rotation f conjugate to /. 
The element 5 of G conjugating / to /' must map Fix{f) to Fix[f'). As a 
consequence, g conjugates to a hyperelliptic rotation p' such that Fix{p') = 
Fix{f'), having f as non trivial power. The first part of Lemma [1] tells us that 
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ip and if' commute so that ip' induces a full n-rotation of K, where n is the order 
of ip and ip'. To see that K is n-self-symmetric it suffices to remark that the 
element g, which normalises {ip, ip'), induces a symmetry of the quotient link 
since it exchanges Fix{ip) and Fix{p'). 

When M is hyperbolic, is a hyperbolic knot and it has a finite group of 
symmetries whose lift to M is contained in Iso^{M). □ 


3 The finite solvable case 

In this section we prove a stronger version of Theorem [3] for a finite solvable 
subgroup of orientation preserving diffeomorphisms of a closed orientable 3- 
manifold. This is a key result not only for the proof of Theorem [31 but also to 
reduce the proof of Theorem (TU] to the one of Theorem [3] 

Proposition 6. Let G he a finite group acting on a S-manifold M and let ipi G G 
be n rotations of M with odd prime orders. Assume that, up to conjugacy, the 
TpiS are contained in a solvable subgroup of G. Then, up to conjugacy, the 
rotations tpi commute. 

Proof. 

We can assume that G itself is solvable. Then, applying |Su2l Thm 5.6, page 
104], up to conjugacy all the rotations belong to the same subgroup of maximal 
odd order. In particular we may assume that G itself has odd order. Let tf be 
a rotation of prime order p and let S' be a Sylow p-subgroup of G containing ip. 
Remark [3] implies that A/g(S) is abelian, for the order of G is odd. In particular, 
S is central in its normalizer and |Su2l Thm 2.10, page 144] implies that G is 
the semidirect product of a characteristic subgroup U and S. Let ip be another 
rotation. If p has order p, then up to conjugacy, p sits inside S and thus it 
commutes with if according to Proposition[I] So let us assume that p has order 
a prime q p. Then p belongs to U. Since p is coprime to the order of U, 
if must normalise at least one Sylow q-subgroup T of U. Up to conjugacy, we 
may assume that p is contained in T. Reasoning as above, we see that if must 
normalise at least one of the G-conjugates of {p). By Remark (3] this implies 
that, up to conjugacy, if and p commute. □ 

Corollary 6. Let G he a finite group acting on a S-manifold M and let fiGG 
be n rotations of M with orders that are not powers of 2. Assume that, up 
to conjugacy, the fis are contained in a solvable subgroup of G, then, up to 
conjugacy, the rotations fi commute. 

Proof. 

For each i = 1,..., n let 'i/'i be a power of fi of odd prime order. Apply 
Proposition [5] to the n rotations ifi, then the first part of Lemma |T] to reach the 
desired conclusion. □ 

Theorem 4. Let G be a finite solvable group acting on a S-manifold M which 
is not homeomorphic to S^. Up to conjugacy, G contains at most three cyclic 
subgroups generated by hyperelliptic rotations of orders which are not powers of 
2. Moreover, either their orders are pairwise distinct or there are at most two 
such rotations. 
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Proof. 

Assume that there are n such rotations. According to Corollary [5] we can 
assume that all these n rotations commute. By Remark [SJ we then have a 
non trivial knot (for M ^ S^) admitting n — 1 commuting full rotations. It 
follows immediately from Proposition |4] that n < 3. Note that, by the positive 
solution to Smith’s conjecture, a non trivial knot cannot admit two distinct 
and commuting cyclic groups of symmetries of the same order. This proves the 
latter part of the theorem. □ 


4 Finite group actions 

The goal of this section is to prove some useful results about hyperelliptic rota¬ 
tions in a finite subgroup of orientation preserving diffeomorphisms of a closed 
orientable 3-manifold. Again, all finite groups will be assumed to act faithfully 
by orientation preserving diffeomorphisms on some closed, connected 3-manifold 
M. 

Definition 6. Let G C Diff'^{M) be a finite group acting on a closed ori¬ 
entable 3-manifold M. We say that an odd prime number p is hyperelliptic for 
G if G contains a hyperelliptic rotation of order p. 

We remark once more that, if p is hyperelliptic for G, then the 3-manifold M 
is a Z/p-homology 3-sphere. Moreover, if / is a hyperelliptic rotation of order 
p its normaliser and centraliser are determined in Remark [3] 

Remark 7. If G is a finite group with a normal subgroup N and f € G is 
an element of prime order not dividing the order of then, by a standard 
argument in group theory (see for example [K) Theorem 1.6.2]) the centraliser 
of / in G and the centraliser of fN in G/N are related by the following formula: 

CG{f)/{N n Cg(/)) = {CG{f)N)/N = Cg/nUN). 

An analogous formula holds for the normaliser of the group generated by /: 

MG{{f))/{NnMG{{f))) = {MG{{f))N)/N=MG/N{{fN)). 


Proposition 7. Let G C Diff~^{M) be a finite group acting on a Z/p-sphere M 
and let N be a normal subgroup of G. If f is a rotation of order p such that p is 
coprime with the order of N, then the normaliser of a Sylow p-subgroup of G/N 
contains (up to conjugacy) fifG/NiifN)) with index at most 2. In particular, 
the normaliser of a Sylow p-subgroup of G/N contains an abelian subgroup of 
rank at most 2 with index at most 4. 

Proof. 

Let S' be a Sylow p-subgroup of G: up to conjugacy we can suppose that 
S contains /. We denote by S the projection of S to G/N, which is a Sylow 
p-subgroup of G/N. 

Since S is a normal subgroup of A/g ((/)), by Remark [7] we obtain that S is 
normal in AfG/N{{fN)), thus A/'G/Ar(S) A MG/NiifN)). 
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The group G/N acts on the manifold M/N. Indeed, althought N may not 
act freely, the space of orbits M/N is a manifold for the diffeomorphisms in 
G preserve the orientation of M. Let g G G he a non-trivial element of S 
such that gN has order p and has non-empty fixed-point set with respect to 
its action on M/N. This can be rephrased by saying that there is x G M 
and n G N such that g{x) = n{x), so that x maps to a fixed point of gN in 
M/N. We thus see that there exists gi = gn~^ acting on M with non-empty 
fixed-point set, where giN = gN. Since gi projects to gN, we obtain that the 
order of gi is a multiple of p. Let gi be a non trivial power of gi of order p. 
Note that, since 0 ^ Fix{gi) C Fix{gY), 5i has non-empty fixed-point set. The 
element g\ is contained in SN, the subgroup of G generated by S and N. Since 
by Proposition [1] the Sylow p-subgroup S is abelian, g\ is conjugated by an 
element of N to an element of S of order p. We can conclude that the cyclic 
group generated by gN is the projection of one cyclic subgroup of S of order 
p generated by elements with non-empty fixed-point set. Since S contains at 
most two of these subgroups (Proposition [T]), S has the same property and the 
thesis follows. □ 

Remark 8. Obviously, Proposition[3applies whenever G contains a hyperellip- 
tic rotation / of odd prime order p (see Remark [21). More generally, though, its 
proof is valid whenever the Sylow p-subgroup of G contains at most two cyclic 
subgroups generated by elements with non-empty fixed-point sets and at least 
one generated by a rotation, just as in the setting of Proposition O without any 
condition on the homology of M. 

If M is a Z/p-homology sphere we can give a different and more geometric 
proof by observing that the manifold M/N on which G/N acts is again a Z/p- 
homology sphere. Proposition [7] then follows from Remark|7]and Proposition |T] 

To see that M/N is a Z/p-homology sphere, consider the following exact 
sequence 

1 —^ 7ri(M) — tt°^{M/N) — >N —^ 1 

where tt/'^{M/N) denotes the orbifold fundamental group of the orbifold struc¬ 
ture of M/N. The above exact sequence gives: 

1 —^ Hi{M) —5- 7r/’'(M/iV)/7ri(M)' — > N —^ 1 

for the group 7ri(M)' is characteristic and contained in {M/N)'. Since both 
Hi{M) and iV are finite and of order prime with p so are 'k/^{M/N)/tti{M)' and 
its quotient, the abelianisation of {M/N). We now observe that tt/'^{M/N) 
must surject onto tti{M/N), the fundamental group of the manifold M/N, so 
that the abelianisation of tt/^{M/N) must surject on the homology of M/N, 
proving the assertion. 

This argument shows something more precise that what claimed in the state¬ 
ment of Proposition [71 namely that the Sylow p-subgroup of G/N, which is 
isomorphic to S, acts on M/N precisely as S acts on M. 

Recall that a finite group Q is quasisimple if it is perfect (the abelianised 
group is trivial) and the factor group Q/Z oi Q hy its centre Z is a nonabelian 
simple group (see |Su21 chapter 6.6]). A group E is semisimple if it is perfect 
and the factor group E/Z{E) is a direct product of nonabelian simple groups. 
A semisimple group A is a central product of quasisimple groups which are 
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uniquely determined. Any finite group G has a unique maximal semisimple 
normal subgroup E{G) (maybe trivial), which is characteristic in G. The sub¬ 
group E{G) is called the layer of G and the quasisimple factors of E{G) are 
called the components of G. 

The maximal normal nilpotent subgroup of a finite group G is called the Fit¬ 
ting subgroup and is usually denoted by E{G). The Fitting subgroup commutes 
elementwise with the layer of G. The normal subgroup generated by E{G) and 
by E(G) is called the generalised Fitting subgroup and is usually denoted by 
F*{G). The generalised Fitting subgroup has the important property to con¬ 
tain its centraliser in G, which thus coincides with the centre of F*{G). For 
further properties of the generalised Fitting subgroup see |Su21 Section 6.6.]. 

Let G C Dif be a finite group acting on a 3-manifold M. In the 

following it will be convenient to consider O', the maximal normal solvable 
subgroup of odd order coprime with any hyperelliptic prime for G and O 2 , the 
maximal normal solvable subgroup of order coprime with any hyperelliptie prime 
for G, not necessarily odd (for the existence of O' and O 2 see |Su21 page 29]). 

Proposition 8. Let G C Diff'^(M) be a finite group acting on a S-manifold 
M not homeomorphic to S^. Let O' and O'^ be defined as above. Let F(G/0') 
(respectively F(G/0'2)) be the Fitting subgroup ofG/O' (respectively GfO' 2 ) and 
let E{G/0') (respectively E{GfO' 2 )) be the layer of GfO' (respectively G/O 2 / 
Assume that one of the following conditions is satisfied: 

• The maximal normal subgroup of odd order of the Fitting subgroup F{G/0') 
(respectively F(G/ 0 ' 2 )) is not cyclic; 

• The Fitting subgroup F(G/0') (respectively ^(G/O^)^ is cyclic and the 
layer E{G/0') (respectively E{G/0'2)) is trivial; 

then G is solvable. 

Proof. 

By the maximality of O' we obtain that the odd primes dividing the order of 
F{G/0') are hyperelliptic. If the maximal subgroup of F(G/0') of odd order 
is not cyclic, then there is at least one hyperelliptic odd prime p such that the 
Sylow p-subgroup of F{G/0') is abelian of rank 2, according to Remark[7]and 
Proposition [TJ Since F{G/0') is nilpotent, its Sylow subgroups are characteris¬ 
tic. As a consequence, G(O' normalises the elementary abelian p-group of rank 
2 contained in F{G(O'). Such elementary abelian p-group contains a projection 
of a hyperelliptic rotation: by Proposition 0 we obtain that GjO', and hence 
G, are solvable groups. The proof of the situation where ^(G/O^) is not cyclic 
follows the same lines. 

If E{G/0') is trivial, then the generalised Fitting subgroup of G/O' coincides 
with F{G/0'). In this case we also have that the Fitting subgroup coincides 
with its centraliser in GjO'. Since the automorphism group of a cyclic group is 
abelian, so is {G/O')/F*{G/O') which injects into Aut{F*{G/0')). We deduce 
once more that G is solvable. The very same argument gives the proof in the 
case where G/O' is replaced with G/O^- ^ 

Remark 9. The proof of the following proposition will rely on the full classifica¬ 
tion of finite simple groups and, more specifically, on the fact that the structure 
of their automorphism groups is known. 
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Proposition 9. Let G C Diff^{M) be a finite group acting on a closed ori- 
entable S-manifold M. Let N be a normal subgroup of G and let f G G be 
a rotation of odd prime order p, coprime with Lf E{G/N) 1, then the 
projections to G/N of the rotations of order p in G are contained in the group 
generated by E{G/N) and by its centraliser in G/N, and every component of 
G/N has order divisible by p. Moreover, if F{G/N) is cyclic, then the centraliser 
of E{G/N) in G/N is solvable. 

Proof. 

Note that by Remark [3] and by Remark [7] the centraliser of fN in G/N is 
abelian. 

First we prove that each component of G/N is normalised by fN. Let Ei be 
a component oi G/N and suppose by contradiction that Ei is not normalised 
by fN. We denote by / the coset fN and by n + 1 = p the minimum positive 
integer such that = Ei. We define the following subgroup: 

Ec = {xfxf-^... rxf-^ I X e E,}. 

Since elements of G/N contained in different components commute, it is 
possible to prove that Ec is a subgroup of G/N isomorphic to a quotient of Ei 
by a central subgroup, i.e. Ec is a. quasisimple group. Moreover, each element 
of Ec commutes with / and this is a contradiction to the fact that / has abelian 
centraliser in G/N. Hence fN normalises Ei. Moreover, for the very same 
reason, the action by conjugation of / on Ei is not trivial. We remark that 
the automorphism group of Ei injects in the automorphism group of its simple 
quotient (see [GLS31 Corollary 5.1.4]) 

Assume that the simple quotient of Ei is either sporadic or alternating. 
Since the order of the outer automorphism group of any such simple group is a 
(possibly trivial) power of 2 (see |GLS3[ Section 5.2 and 5.3]), we conclude that 
/ must induce an inner automorphism of Ei. In particular p divides the order 
of El. 

We can thus assume that Ei is a central extension of a simple group of Lie 
type. 

Recall that, by |GLS3[ Theorem 2.5.12], Aut{Ei) injects to the semidirect 
product of a normal subgroup Inndiag{Ei), containing the subgroup Inn{Ei) 
of inner automorphisms, and a group $r, where, roughly speaking, $ is the 
group of automorphisms of Ei induced by the automorphisms of the defining 
field and F is the group of automorphisms of Ei induced by the symmetries of 
the Dinking diagram associated to Ei (see |GLS3j for the exact definition). By 
|GLS3[ Theorem 2.5.12.(c)], every prime divisor of \Lnndiag{Ei)\ divides \Ei\. 
Thus we can assume that the automorphism induced by / on Ei is not contained 
in Inndiag{Ei) and its projection 9 on Aut{Ei)/Lnndiag{Ei) = <l>r has order 
p. We will find a contradiction showing that in this case the centraliser of / in 
El is not abelian. 

Write 9 = with $ and 7 € F. li </> = 1, then 7 is nontrivial and 
/ induces a graph automorphism according to [GLS31 Definition 2.5.13]. Since 
p is odd, the only possibility is that Ei is a central perfect extension of D/i{q) 
and p = 3 (see [GLS31 Theorem 2.5.12 (e)]). The centraliser of / in Ei is 
nonabelian by |GLS3l Table 4.7.3 and Proposition 4.9.2.]. If ^ 1 and Ei is 
not isomorphic to the group ^D/i{q), then the structure of the centraliser of / 
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in El is described by |GLS3l Theorem 4.9.1], and it is nonabelian. Finally, if 
4> ^ 1 and El = the structure of the non abelian centraliser of / in 

El follows from |GLS31 Proposition 4.2.4]. We proved that the automorphism 
induced by / is contained in Inndiag{Ei) and p divides \Ei\. 

Let us now assume by contradiction that the projection to G/N of a rotation 
of order p in G is not contained in the group generated by E{G/N) and its 
centraliser in G/N. Denote by g such rotation, by S the Sylow p-subgroup of 
G/N containing g = gN and by G the centraliser of E{G/N) in G/N. Note 
that G D F{G/N). We recall that, by Proposition [U S is abelian of rank at 
most 2. 

Since p divides the order of every component of G/N and S has rank at 
most 2, we get that E{G/N) has only one component, i?i, with cyclic Sylow p- 
subgroup. Moreover, by the hrst part of the proof, the automorphism induced by 
g on El is inner-diagonal. If it is inner, we obtain g as a product of an element 
that centralises Ei and an element in Ei\ otherwise, we get a contradiction, 
since, by |GLS31 Theorem 2.5.12] and [21 (33.14)], a group of Lie type with 
cyclic Sylow p-subgroup cannot have a diagonal automorphism of order p. 

Since the centraliser of the generalised Fitting subgroup coincides with its 
centre Z{F*{G/N)) and since G acts trivially on E{G/N) by definition, the quo¬ 
tient G/Z{F*{G/N)) merges injectively in the automorphism group of F{G/N). 

If the Fitting subgroup is cyclic, then its automorphism group is abelian and G 
is solvable. □ 

5 Branched coverings of non self-symmetric knots 

In this section we prove Theorem [3] under the assumption that the finite group 
G of orientation preserving diffeomorphisms of the closed orientable 3-manifold 
M contains a hyperelliptic rotation whose order n is not a power of 2 and which 
corresponds to a cyclic cover of branched along a non-self symmetric knot 
K. 

The main result of this section is the following: 

Theorem 5. Let M jti he the n-fold eyclic covering of branched along 
a knot K C such that n is not a power of 2. Let G be a finite subgroup of 
Diff'^(M) which contains the group of deck transformations of the n-fold cyclic 
branched covering of K. Assume that K is not self-symmetric with respect to 
G. Then G contains at most six conjugacy classes of cyclic groups generated by 
a hyperelliptic rotation of odd prime order. 

Remark 10. According to Definition [5] and Proposition |5l the hypothesis that 
K is not self-symmetric with respect to G is equivalent to the following algebraic 
condition: for each odd prime p dividing n the normalise!' of a Sylow p-subgroup 
of G coincides with the normalise!' of a rotation of order p (see also Lemma [1]). 

It is in fact this equivalent condition that is used in the proofs of Theorem [7] in 
[Mec2| and of Theorem (5] 

The following two theorems, proved in [Mec2j . are key results for the proof of 
Theorem |5| Let us remark that their proofs only rely on the Gorenstein-Harada 
theorem [SI page 6] and not on the whole classification of simple groups. 
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Theorem 6. \Mec2[ Theorem 2] LetG he a finite group of orientation-preserving 
dijfeomorphisms of a closed orientable 3-manifold. Let O be its maximal normal 
subgroup of odd order and E(G/0) he the layer ofG/O. If G contains a rotation 
of order 2, h, such that the coset hO is contained in E[G/O), then G/O has a 
normal subgroup D isomorphic to one of the following groups: 

PSL 2 {q), PSL 2 {q) x Z/2 or SL 2 {q) Xz /2 5 ^ 2 ( 9 ') 

where q and q' are odd prime powers greater than 4. The factor group {GIO)lD 
contains, with index at most 2, an abelian subgroup of rank at most 4. 

Let M be the n-fold and m-fold cyclic branched cover of two knots K and 
K', respectively. We denote by H and H' the corresponding cyclic groups of 
deck transformations for K and K', respectively. We shall say that the knots 
K and K' arise from the standard abelian construction if the groups H and 
H' commute up to conjugacy. This happens if and only if K (respectively K') 
admits a full rotation h' induced by the generator of H' (respectively h induced 
by the generator of H) of order m (respectively n) (see also Remark[5]) and such 
that [K U Fix{h'))/{h') = {K' U Eix{h))/{h). 

The following result is stated in |Mec2) under the extra hypothesis that M 
is hyperbolic. Hyperbolicity of the manifold M is only used in the proof to 
ensure that the covering transformations for K and K' sit inside a finite group 
of diffeomorphisms and that K and K' are not trivial. The conditions given 
here replace thus the hyperbolicity requirement. 

Theorem 7. \Mec2\. Theorem 3] Let M be a 3-manifold not homeomorphic to 
S^. Suppose that M is the n-fold and m-fold cyclic covering o/S^ branched along 
two distinct knots K and K', respectively, such that m and n are not powers of 
2. Let G be a finite subgroup of Diff^{M) which contains the corresponding 
cyclic groups of deck transformations for K and K', respectively. If the knot K 
is not self-symmetric with respect to G, then one of the following cases occurs: 

1. K and K' arise from the standard abelian construction; 

2. If O G G is the maximal normal subgroup of odd order, G contains a 
rotation h of order 2 such that hO is contained in the layer of G/O (in 
particular Theorem [H applies to G); 

3. All prime divisors of n and m are contained in {2,3, 5, 7} and there exists 
a normal subgroup N of G such that N is solvable and G/N is isomorphic 
to a subgroup of GL^^ifl). 

To prove Theorem 0 the strategy is to “cover” the group G with solvable 
groups. With this in mind, we introduce the notion of solvable normal 7r-cover. 

Definition 7. Let G be a finite group. Let tt be a set of primes dividing |G|. 
We will call a collection C of subgroups of G a solvable normal ir-cover of G if 
every element of G of prime order p belonging to tt is contained in an element 
of C and for every g G G, H € C we have that S C. We denote by 7 ^(G) the 
smallest number of conjugacy classes of subgroups in a solvable normal 7r-cover 
of G. Note that, since Sylow subgroups are clearly solvable, 7 ^(G) < |7r|. 
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Notice that our definition of solvable normal 7r-cover differs from the more 
usual definition of normal cover for non-cyclic finite groups in that we only 
need to cover elements of prime order and not elements of arbitrary order. Also 
the subgroups of a solvable normal 7r-cover must be solvable but need not be 
proper. 

The following remark better explains the reason why we are interested in 
“covering” G with solvable groups. 

Remark 11. If G is a finite group of orientation-preserving diffeomorphisms 
of a closed orientable 3-manifold M and tt is the set of hyperelliptic primes for 
G, then, by Theorem |4l the number 87 ^ (G) bounds from above the number of 
non conjugate cyclic groups generated by a hyperelliptic rotation of odd prime 
order. 

This algebraic lemma, whose proof is straightforward, will be useful. 

Lemma 4. Let G be a finite group, and let n be a set of primes dividing the 
order of G. 

• If N is a solvable normal subgroup of G, then 7 ^(G) < 7 ®(G/iV). 

• //tt' is a subset of n, then ^^,{G) < 7 ®(G). 

We are now ready to prove Theorem [S] 

Proof of Theorem (5} 

Let / be a hyperelliptic rotation of M generating the group of deck transfor¬ 
mations of the n-fold cyclic branched covering of K. We can apply Theorem [7] 
to deduce that either all the other hyperelliptic rotations commute with /, up 
to conjugacy, or one of situations 2. or 3. occurs. 

If all hyperelliptic rotations commute with /, it follows from Proposition 0] 
that their number, including /, is at most three. 

If we are in situation 3, the factor G/N has, up to conjugacy, at most three 
Sylow subgroups of odd order. Choosing a Sylow subgroup of G/N for each 
prime in {3,5,7}, the preimages of these subgroups in G are three solvable 
subgroups containing N such that their conjugates give a solvable normal tt- 
cover, where tt is the set of odd primes dividing the order of G. Therefore, if 
a hyperelliptic rotation is contained in N all the other rotations of odd order 
commute with it and we are done. 

Otherwise, the hyperelliptic primes are contained in the set {3,5,7}. By 
Lemma [5] and Proposition [1] there are in G at most six non conjugate cyclic 
groups generated by a hyperelliptic rotation of odd prime order. 

Finally we assume that condition 2 of Theorem [7] holds and G is one of the 
groups described in Theorem [5] 

As in Section |4] and Proposition | 8 ] we will consider O', the maximal normal 
solvable subgroup of G whose order is odd and coprime with any hyperelliptic 
prime. If p is a hyperelliptic prime, since \0'\ and p are coprime, the projections 
of the rotations of order pXo GjO' have abelian centraliser (see Remark [7]). We 
have O' C O, the maximal normal subgroup of odd order, so the layer of G/0', 
which may be trivial, projects to a normal semisimple subgroup of G/O with the 
same number of quasisimple factors as the layer of G/O'. Hence, any component 
of G/O' is a central perfect extension of PSL 2 {q); moreover in G/O' we have 
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at most two components. Remark that, although the layer E{G/0) cannot be 
trivial for it contains hO, the layer E{G/0') might be trivial a priori. 

Let us now consider the Fitting subgroup F{G/0') of GjO'. By Proposi¬ 
tion [51 we can assume that the maximal normal subgroup of F{GIO') of odd 
order is cyclic. We will now prove that F{G/0') itself is cyclic. Since F{G/0') 
is nilpotent, this boils down to showing that the Sylow 2-subgroup of F{G/0') 
is cyclic (or possibly trivial). The Sylow 2-subgroup of F{G/0') projects injec¬ 
tively to a subgroup of the Fitting subgroup of G/O; in the final step of the 
proof of Theorem|n]it is proved that F{G/0) is cyclic, which is enough to reach 
the desired conclusion. We provide here the proof of this fact for completeness. 

We remark that, by the maximality of O, F(G/0) is a 2-group and the layer 
of G/O contains hO where ft, is a rotation of order 2. The centraliser of ft is 
described in Remark [3] and by Remark [7] we can deduce that the structure of 
the centraliser of hO in G/O is analogous. If the layer of G/O is isomorphic to 
PSL 2 {q), the Sylow 2-subgroup of E{G/0) is dihedral and ftO is centralised by 
an elementary abelian 2-subgroup of rank 2, this implies that F{G/0) has order 
2. If the layer of G/O is SL 2 {q) X 1/2 SL 2 {q'), the quotient of E{G/0) by its 
centre contains an elementary abelian 2-subgroup of rank 4 that is centralised 
by F{G/0)/Z{E{G/0)). Since each 2-subgroup of G is generated by at most 
four elements (see |RZ[ Lemma 2.2.]), then F{G/0) coincides with the centre 
of the layer. 

Since F{G/0) is a cyclic group of order a (possibly trivial) power of 2, 
F{G/0') is cyclic. By Proposition [5] we can assume that the layer E{G/0') is 
not trivial. 

By Proposition [5] we can suppose that G/O' coincides with the group gen¬ 
erated by E{G/0') and by a normal solvable subgroup (the centraliser of the 
layer). By Lemma [4] and Remark 1111 we obtain that the number of conjugacy 
classes of subgroups of G generated by some hyperelliptic rotation of odd prime 
order is bounded by 87 ® (i?(G/0')), where tt is the set of odd primes dividing 
the order of F;(G/0'). 

We recall that the number ^^{PSL 2 {q)) is two. In fact the upper triangular 
matrices form a solvable subgroup of SL 2 (q) of order (g — l)g, moreover SL 2 (q) 
contains a cyclic subgroup of order g -I- 1 (see 0 ). The conjugates of the 
projections of these two subgroups to PSL2{q) give a solvable normal 7r-cover. 
If GjO' has one component, then we obtain that six is an upper bound for the 
number of conjugacy classes of cyclic subgroups of G generated by hyperelliptic 
rotations. If G/O' has two components, the same argument implies readily that 
twelve is an upper bound but in this case, with a small modification of our 
reasoning, we are able to get that there are at most four hyperellitpic primes. 

Suppose that the components of G/O' are two; the layer of G/O' projects 
surjectively to the layer of G/O. A central perfect extension of PSL 2 {q) that is 
not simple has a center of order 2, with the only exception of PSL{2, 9) = Ag. In 
this case the centre might contain some element of order 3 but, if a component 
of G/O' is a central perfect extension of PSL{2,9) with centre containing an 
element of order 3, then the Sylow 3-subgroup is not abelian (see m 33.15]), 
and hence 3 cannot be hyperelliptic; this contradicts the maximality of O'. 

We thus obtain that the layer of G/O' is SL 2 {q) Xz /2 SL 2 {q') (we remark 
that g and g' might be equal). By Proposition [9] a hyperelliptic prime number 
p divides the order of both components, this implies that the Sylow p-subgroup 
of E{G/0') is abelian of rank 2, and all the projections of the rotations of order 
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p to G/O' are contained in the layer of GjO'. We denote by Uq the subgroup 
of the upper triangular matrices of SL 2 {q) and by Gq a cyclic subgroup of 
order q + 1 of SL 2 {q). We consider the following set of solvable subgroups of 
SL2{q) X-Li^ SL2{q')'. 


A — {Uq Xz/2 Uq/, Cq Xz/2 Uq/, Uq X 2/2 Gq>, Vq Xz/2 Uq/}. 

This set has the property that each Sylow p-subgroup in GjO' with p odd is 
contained in a conjugate of one of the subgroups in A. We consider the preim¬ 
ages of the subgroups in A with respect to the projection G — GjO'. We 
obtain a set A containing four solvable subgroups of G with the same property 
(i.e. each Sylow p-subgroup of G with p odd is contained in a conjugate of one 
of the subgroups in A). In this situation, if p is a hyperelliptic prime, its Sylow 
p-subgroup has rank 2. By Theorem [H if one subgroup of A contains the Sylow 
p-subgroup of a hyperelliptic prime, then it cannot contain any other hyperel¬ 
liptic rotation of odd prime order. Therefore we have at most four hyperelliptic 
primes. For each of them we have at most two non conjugate cyclic subgroups 
generated by a hyperelliptic rotation according to Lemma [2] We will prove that 
in every case we have only one conjugacy class. In general this would imply that 
four is an upper bound (we use this fact later in the proof of Lemma [S]) but, un¬ 
der the assumption of this theorem that at least one knot is non self-symmetric, 
this fact implies also that this case does not occur. 

If p is a hyperelliptic prime and p ^ s (where q = s"), the component 
SL 2 {q) contains an involution acting dihedrally on the Sylow p-subgroup by 
conjugation. This involution commutes with the other component of E(G/0'), 
and in particular with the Sylow p-subgroup of SL 2 {q'). By Remark 21 we 
obtain that the two cyclic groups of order p generated by elements with non¬ 
empty fixed-point set and contained in a Sylow p-subgroup are conjugate. Let 
S' be a Sylow p-subgroup of G; we denote by / and /' two rotations of order 
p that are contained in S and generate different groups. Their projections to 
G/O' generate also different cylic groups. Replacing / with one of its powers, we 
can suppose that the projections of / and /' to G/O' are conjugate. Thus there 
exist n G O' and g € G such that gfg~^ = f'n. The subgroup generated by S 
and O' contains f'n, then, by the Sylow theorems there exist s G S and m G O' 
such that msgfg~^s~^m~^ = msf'ns~^m~^ is contained in S. We remark that 
msgfg~^s~^m~^ has non-empty fixed-point set, so it is contained either in the 
group generated by f' or in the group generated by /. In the hrst case we obtain 
that the two cyclic groups of order p generated by rotations in S are conjugate. 
The second case cannot occur because, if msgfg~^s~^m~^ = in the quotient 
G/O' we would have that f^O' = msgfg~^s~^m~^0' = sgfg~^s~^0' and 
/^O' = gfg~^0' = f'O' which is impossible. We have only one conjugacy class 
of subgroups generated by a hyperelliptic rotation of order p. 

It remains the case when p = s; since the Sylow p-subgroup has to be cyclic, 
in this case n = I. Since p > 3 we have again elements in SL 2 {q) that normalise 
the Sylow p-subgroup but do not centralise it, and hence we have in G/O' 
one conjugacy class of cyclic groups of order p generated by rotations and the 
conclusion follows as in the previous case. □ 

Remark 12. The proof of Theorem [S] shows that if one of the knots is non 
self-symmetric with respect to G and we have more than three classes of cyclic 
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groups generated by hyperelliptic rotations of odd prime order, then either we 
are in Case 3 of Theorem[7]and any hyperelliptic prime is contained in {3, 5, 7} 
or the layer of GjO is PSL 2 {q). 

Taking into account the list of all finite non solvable groups that can possibly 
act on Z/2-homology 3-spheres obtained in |MZ1 Theorem 1, page 677], the proof 
of Theorem 0 and its generalisation to arbitrary orders that are not powers of 2 
(see Section [7|) show readily the result below. We stress that the proof of |MZ1 
Theorem 1, page 677] is based on the Gorenstein-Harada theorem only. 

Corollary 7. Let M ^ be a Ij/ 2-homology sphere. Then G contains at most 
six conjugacy classes of cyclic groups generated by a hyperelliptic rotation of 
order different from a power of 2. 

6 Proof of Theorem [3] 

In this section we complete the proof of Theorem [31 

Theorem |3l Let G be a finite group of orientation preserving diffeomorphisms 
of a closed orientable 3-manifold M not homeomorphic to S^, then G contains at 
most six conjugacy classes of cyclic subgroups generated by hyperelliptic rotations 
of odd prime order. 

This general upper bound is given by Theorem [5] of the previous section and 
by the analysis of the structure of a finite group acting on a closed orientable 
manifold and containing several hyperelliptic rotations corresponding to deck 
transformations of cyclic branched coverings along self-symmetric knots. 

Lemma 5. Let G be a finite group acting by orientation preserving diffeomor¬ 
phisms on a closed orientable 3-manifold M . Either Theorem\^ holds for 
G, or there exists Gq a subgroup of G such that for any hyperelliptic prime p 
the following properties hold: 

1. Go contains all rotations of order p up to conjugacy; 

2. Sp, a Sylow p-subgroup of Go, has rank two; 

3. if f is a rotation of order p the normaliser ffcoUf)) abelian of rank 
two; 

4- ■^Go((/)) *■5 ® subgroup of index two of McoiSp). 

Proof. 

We suppose the existence of at least one hyperelliptic prime, otherwise the 
theorem is automatically verified. 

If for some hyperelliptic prime p and for some hyperelliptic rotation / of 
order p we have that ffaUf)) = -^GiSp), then we can apply Theorem [3] (see 
Remark fTUl) and thus Theorem [3] holds for G. 

So we can suppose that for any hyperelliptic prime A/g((/)) has index 2 in 
A/g(S'p), thus Sp is of rank 2 and it contains exactly two groups of odd prime 
order generated by hyperelliptic rotations. 

Now suppose that McHf)) is not abelian, hence it contains some Fix{f)- 
inversion of order 2. Let h be such an involution, it projects to a strong inversion 
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of the knot given by the projection of Fix{f) in M/{f) = S^. The projection of 
h is a rotation and its axis meets the projection of Fix{f) in two points. This 
implies that h is a rotation, too. In |Mec21 Theorem 1] the structure of a finite 
group acting on a 3-manifold and containing a rotation of order 2 was studied: 

Theorem 8. \MecS^ Let G be a finite group of orientation-preserving diffeo- 
morphisms of a closed orientable i-manifold. Let O be the maximal normal 
subgroup of odd order and E{G) be the layer of G = G/O. Suppose that G 
contains an involution which is a rotation. 

1. If the semisimple group E{G) is not trivial, it has at most two components 
and the factor group of G/E{G) is solvable. Moreover, the factor group of 
E{G) by its centre is either a simple group of sectional 2-rank at most 4 
or the direct product of two simple groups of sectional 2-rank at most 2. 

2. If E{G) is trivial, there exists a normal subgroup H of G such that H 
is solvable and G/H is isomorphic to a subgroup of GL4^{2), the general 
linear group o/ 4 x 4 matrices over the finite field with 2 elements. 

If E{G) is trivial we obtain at most six non conjugate groups of hyperelliptic 
rotations of odd prime orders (see the proof of Theorem [5l situation 3) 

If the projection to G of a rotation of order 2 is contained in E{G), then 
Theorem [6] applies. Once again the proof of Theorem [5] implies that six is an 
upper bound. 

We can therefore suppose that E(G) is not trivial and the projection of 
any rotation of order 2 is not contained in E{G). The quotient G/E{G) is 
solvable, by Hall’s Theorem we have a subgroup Go (maybe trivial) of G/E{G) 
such that the order of Gq is divided only by hyperelliptic primes and the index 
of Go in G/E{G) is coprime with each hyperelliptic prime. We denote by Go 
the preimage of Go in G under the projection G —>■ G — G/E{G): the 
subgroup Go contains all the Sylow subgroups corresponding to hyperelliptic 
primes and does not contain any rotation of order 2. This implies that in Go 
a hyperelliptic rotation does not admit inversions and the normaliser of the 
subgroup it generates is abelian. The subgroup Go satisfies our requests, except 
possibly the fourth, but the case when A/go((/)) = fi^GoiSp) was analysed at 
the beginning of the proof giving that Theorem [3] holds for Go and hence for G, 
since Go contains all the hyperelliptic rotations of G. □ 

Proof of Theorem The proof follows from Proposition [TU] below since 
either Theorem [3] holds for G or Lemma [3] allows to replace G by a subgroup 
Go, which satisfies the hypotheses of Proposition [TO] □ 

The rest of the section is devoted to the proof of Proposition [TO] 

Proposition 10. Let G he a finite group acting by diffeomorphisms on a closed 
orientable 3-manifold M not homeomorphic to S^. If for any hyperelliptic prime 
p of G the following properties hold: 

1. Sp, a Sylow p-subgroup ofG, is abelian of rank 2; 

2. if f is a rotation of order p the normaliser fi/dif)) is abelian of rank 2; 

3. fifoUf)) 'Is a subgroup of index 2 of AfaiSp) 
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then we have in G at most four non conjugate cyclic subgroups generated by 
hyperelliptic rotations of odd prime orders. 

Proof. 

If p is a hyperelliptic prime, then Sp has rank 2 and contains exactly two 
subgroups of order p generated by a rotation. We denote by Fp and F^, these 
subgroups. The quotient of M by each of them is homeomorphic to because 
they are conjugate. We have that HaiFp) = d^ciPp) is abelian of rank two and 
each element in the complement AfoiSp) \A/g(^p) exchanges by conjugation the 
subgroups Fp and F^. 

Let O 2 be the maximal normal solvable subgroup of G of order coprime with 
every hyperelliptic prime (note that the order of O 2 is not necessarily odd). We 
denote by G the factor group of G by If ^ is an element of G we denote 
by X the projection of x to G, analogously if iL is a subgroup of G, H is the 
projection of H to G. 

Claim 1. The Sylow p-subgroup Sp of Q is abelian of rank 2. Its normaliser 
N = AIq^Sp) contains Mq{Fp) with index at most 2; AfQ^Fp) is abelian of rank 
2 and contains Fp and F^. The groups Fp and F^ are the only two cyclic groups 
of order p in N acting with non-empty fixed-point sets on the manifold M/O 2 . 
Moreover, either we have at most three non conjugate groups of rotations of odd 
prime order in G or AfQ^Fp) has index exactly 2 in N and the elements of N 
not in Mq{Fp) exchange Fp and F^. 

Proof. 

The first part of the claim is implied by Proposition [3 and its proof; it 
remains to prove the last statement. If = A/g(.§p), then we can apply 

[Su21 Theorem 2.10.] and obtain a normal p-complement H. The preimage of 
H, with respect to the projection of G onto G, is a normal p-complement of G. 
The argument used in the proof of Proposition[6]shows that in this case rotations 
of odd prime orders commute up to conjugacy. Thus, the proof of Proposition^] 
shows that in this case we have at most three non conjugate cyclic subgroups 
generated by a hyperelliptic rotation of odd prime order. □ 

From now on we suppose that A/g(F),) has index exactly 2 in N. 

Claim 2. Let F(G) be the Fitting subgroup of G and let E{G) be the layer of 
G. Either we have at most three non conjugate cyclic subgroups generated by 
a hyperelliptic rotation of odd prime order or F{G) is cyclic and E{G) is not 
trivial. 

Proof. 

The claim is just Proposition [5] □ 

From now on we suppose that F{G) is cyclic and E{G) is not trivial. 

Claim 3. {Fp x F^ n Z{N) 1. 

Proof. 

Since the elements of N \AfQ{Fp) exchange Fp and Fp, they centralise a 
subgroup of order p of Sp (see Remark a and that subgroup is contained in 
Z{N) since A/g(F),) is abelian. Since every element of order p in Sp is contained 
in {Fp X Fp), we get the assertion. □ 
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Claim 4. If a prime p is hyperelliptic, then the Sylow p-subgroup of E{G) is 
cyclic and non-trivial. Moreover E{G) is a simple group. 

Proof. 

By |Su21 Exercise 1, page 161], Sp is the direct product of Sp fl Z{N) and 
G' n Sp, where G' is the commutator subgroup of G. Since Sp is abelian of 
rank 2 and its maximal elementary abelian subgroup is Fp x F^, it follows 
that Fp X Fp is the direct product of {Fp x Fp) Cl Z{N) and {Fp x Fp) Cl G'. 
By Claim 121 {Fp x Fp) n Z{N) ^ 1. On the other hand, by Proposition [21 

1 ^ E{G) n {Fp X Fp) C {Fp X Fp) n G', since E{G) is perfect. Thus, both 
{Fp X Fp) n Z{N) and {Fp x Fp) n G' are cyclic groups of order p. 

If g is a prime dividing the order of the centre of a component of G, according 
to m (33.14)], the Sylow g-subgroup of the component cannot be cyclic, so that 
q is not hyperelliptic. The maximality of O 2 ensures that the centre of E{G) is 
trivial. 

It follows that E{G) is a simple group with cyclic Sylow p-subgroups. If we 
had two components in G, then p should divide the order of both by Proposi¬ 
tion |2] and we would obtain a noncyclic p-subgroup in E{G)', this is impossible 
and we have one component. □ 

Claim 5. If p is hyperelliptic, then the centraliser in E{G) of the Sylow p- 
subgroup of E{G) is abelian and the normaliser in E{G) of the Sylow p-subgroup 
of E{G) contains an abelian subgroup of index 2. 

Proof. Let / be a hyperelliptic rotation of order p. By Proposition [9] we 
have that / is contained in the subgroup generated by the the layer and its 
centraliser. 

We obtain that / is the product of an element of order p in E{G) with an 
element of order p that centralises E{G). Since the centraliser of / is abelian, 
the centraliser in E{G) of any Sylow p-subgroup of E{G) is abelian, too. Indeed, 
any element x G E{G) commutes with any element in the centraliser of E{G). 
As a consequence, if x commutes with an element of order p in E{Q) it commutes 
with the whole elementary abelian group FpX Fp, and in particular x commutes 
with /. Let Sp be a Sylow p-subgroup of G. If an element of E{G) normalises 
the Sylow p-subgroup of E{G) contained in Sp, then it normalises also the 
subgroup generated by the elements of order p in Sp. The group Sp contains 
precisely two cyclic subgroups of order p generated by a rotation {Fp and Fp). 
Therefore the normaliser of a Sylow p-subgroup of E{Q) contains with index 

2 an abelian subgroup (the normaliser cannot be abelian otherwise we have a 

p-complement). □ 

The proof of the following claim will exploit the classification of finite simple 
groups. 

Claim 6. The group G contains at most four non conjugate cyclic subgroups 
generated by hyperelliptic rotations of odd prime order. 

Proof. 

If E{G) is sporadic, the primes dividing the order of the group do not satisfy 
the condition on the normaliser given by Claim[5](see |GLS3[ Section 5.3.]). 

Suppose now E{G) = A„. If the Sylow p-subgroup is cyclic, then p > n/2 
and so the Sylow p-subgroup is generated by a p-cycle. Since by Claim [5] the 
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centraliser is abelian, we have that p > n — A. Thus we have at most two 
hyperelliptic odd primes and for each prime we have only one conjugacy class 
of cyclic groups of order p generated by a hyperelliptic rotation. 

The only remaining case is that of simple groups of Lie type. 

We note that each solvable subgroup of G contains at most one conjugacy 
class of cyclic groups generated by a hyperelliptic rotation of odd prime order. 
In fact, if g were a rotation of odd prime order q commuting with a rotation 
/ of order p, then g should be a Fia:(/)-rotation and centralise a Sylow p- 
subgroup Sp. We should obtain that Sp is a group of Fza:(g)-rotations. Since 
Fix{g) is a simple closed curve, the action of Sp on Fix{g) cannot be faithful 
and Fix{g) should coincide either with the fixed point of F or with that of F'. 
This is impossible by part 2 of Lemma [TJ Therefore, we have that the number of 
conjugacy classes of subgroups generated by hyperelliptic rotations of odd prime 
order in G is bounded by 7^(1?) where tt is the set of hyperelliptic primes. Since 
the Fitting subgroup of G is cyclic, by Proposition[2]and Lemma|3]we have that 
1 ^{G) < 7 ®(i?(G)). The following Lemma concludes the proof: 

Lemma 6. Let K be a finite quasisimple group of Lie type. If tt is the set of 
odd primes p such that K has cyclic Sylow p-subgroups and Gxig) is abelian for 
every element g € K of order p, then 7 ®(iL) < 4. 

Proof. 

Let K = 'Sniq) or K = ‘^Y,n{q), where g is a power of a prime s. Here we 
use the same notation as in [GLS3) : the symbol E(g) (resp. may refer 

to finite groups in different isomorphism classes, each of them is an untwisted 
(resp. twisted) finite group of Lie type with root system E (see [GLS31 Remark 
2.2.5]). Any finite group of Lie type is quasisimple with the exception of the fol- 
lowi ng grou ps: Ai(2), Ai(3), ^^ 2 ( 2 ), ^^ 2 ( 2 ), . 82 ( 2 ), G 2 ( 2 ), ^^ 4 ( 2 ) and ^G 2 ( 3 ) 
(see |GLS3l Theorem 2.2.7]). 

If s € TT, then by |GLS31 Theorem 3.3.3], either s = 3 and K = (^G 2 ( 3 ))' or 
K = Ai(s). In the former case the order of ^G 2 ( 3 )' is divided only by two odd 
primes, thus 7 ^(AT) < 2 ; in the latter case we have 7 ^(A 1 ) < 2 (reason as in the 
proof of Theorem [3 or see for example 0). 

Assume now that s ^ tt. By |GLS31 Paragraph 4.10], since the Sylow sub¬ 
groups are cyclic, every element of order p g tt is contained in a maximal torus 
of K, and clearly a maximal torus is abelian. 

Therefore, we need only to bound the number of conjugacy classes of cyclic 
maximal tori in K with abelian centraliser. Note that the number of conjugacy 
classes of maximal tori in K is bounded by the number of different cyclotomic 
polynomials evaluated in q appearing as factors of \K\. Moreover the power of 
a cyclotomic polynomial in the order of K gives the rank of the corresponding 
maximal torus (except possibly when the prime divides the order of the centre 
but in this case the Sylow subgroup is not cyclic, see m (33.14)]) 

Recall E is the root system associated to K as in |GLS31 2.3.1]; let H = 
{ai,...,a„} be a fundamental system for E as in Table 1.8 in |GLS3j . a^, 
be the lowest root relative to H as defined in |GLS31 Paragraph 1.8] and set 
n* = n U {a*}. We recall that |Ar| can be deduced from |GLS31 Table 2.2] and 
the Dynkin diagrams can be found in |GLS31 Table 1.8]. Observe that, by |GLS31 
Proposition 2.6.2], if Eq is a root subsystem of E, then K contains a subsystem 
subgroup H, which is a central product of groups of Lie type corresponding to 
the irreducible constituents of Eq. In order to prove the lemma, we shall show 
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that for every group K and for every element g of order a prime r lying in 
a maximal torus belonging to any but four conjugacy classes of maximal tori, 
either the Sylow r-subgroup is not cyclic or we find a subsystem subgroup H 
that is a central product of two groups Hi and H 2 such that Hi contains g and 
H 2 is not abelian. Note that for every prime power q, Ai{q) is a non-abelian 
group (see [GLS31 Theorem 2.2.7]). 

Let K = An{q). Let m be the minimum index i such that r divides — 1 
and let Sq be generated by 11* \ {ai,a„}. Then the corresponding subsystem 
subgroup is H = Hi ■ H 2 , where Hi = An- 2 {q) and H 2 = Ai[q). Thus if 
m < n — 1, then Hi contains an element g of order r and Cxig) contains H 2 
which is not abelian. Therefore, since g has an abelian centraliser, r may divide 
only (g” — l)(g"+^ — 1), that is r divides $„(g)$„+i(g). Hence we have at most 
two conjugacy classes of maximal tori with abelian centraliser. 

Let K = ‘^An(q). Let m be the minimum index i such that r divides g*+^ — 
(_l)*+i_ Let Le the root subsystem generated by H* \ {ai,a„}. Then, the 
corresponding subsystem subgroup H can be written as H = Hi ■ H 2 , where 
Hi = ^An -2 and H 2 = Ai{q). Thus if m < n — 1, then Hi contains an element g 
of order r and Ck (g) contains H 2 which is not abelian. Therefore r may divide 
only (g" —(—l"))(g"+^ —(—1"+^)), that is r divides either <l> 2 n(g)‘hra+i(g) when n 
is odd or 'hn(g)‘l’ 2 (rt+i) ( 9 ) when n is even. Hence we have at most two conjugacy 
classes of maximal tori with abelian centraliser. 

Let K = Bn[q) and let m be the minimum i such that r divides g^® — 1. Let 
So be the root subsystem generated by H \ { 02 }- Thus 

So = Bn-2 X Ai- 

We get H = Hi- H 2 , where Hi = H„_ 2 (g) and H 2 = Ai{q). Thus if m < n — 2, 
then Hi contains an element g of order r and CK^g) contains H 2 which is not 
abelian. Therefore, every element of tt may divide only (g^" — l)(g^("“^) — 1), 
that is the elements of tt are divisors either of $n(g)‘h 2 n(g)‘h 2 (n-i)( 9 ) when n 
is odd or of $n-i(g)^’ 2 n(g)‘h 2 (n-i)( 9 ) when n is even. Hence we have at most 
three conjugacy classes of maximal tori with abelian centraliser. 

The case when K = Cn{q) can be treated with a similar argument. 

Let K = Dn{q). Let m be the minimum i such that r divides g^® — 1. Let 
So be the root subsystem generated by H \ { 02 }. Hence 

So = Dn-2 X Ai 

and H = Hi ■ H 2 , where Hi = I?„_ 2 (g) and H 2 = ^i(g)- As in the previous 
cases, if m < n —3, then Hi contains an element g of order r and CK{g) contains 
H 2 which is not abelian. Therefore, if n is even, every element of tt may divide 
only (g 2 (”-i) — l)(g 2 ("- 2 ) _ xhat is the elements of tt are divisors either of 
$„_i (g)$ 2 (n- 2 ) (g)^’ 2 (Ti-i) (g)- 

Now assume that n is odd. Then every element of tt may divide only 
(g 2 («-i)_;^)(-^ 2 (n- 2 )_ 2 )(q,n_x)^ oj. equivalently $„_ 2 (g)$ 2 (»-i)( 9 )$ 2 (n- 2 )(g)• 
Hence every element of order a prime in tt is contained in a conjugate of at most 
four maximal tori. 

Let K = ^Dn{q). Let m be the minimum i such that r divides g^® — 1. Let 
So be the root subsystem generated by H \ { 02 }. Hence 

So = Dn-2 X Ai 
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and H = Hi ■ H2, where Hi = ‘^Dn-2{q) and H2 = Ai{q). As in the previous 
cases, if m < n — 3 , then Hi contains an element g of order r and Cxig) 
contains H2 which is not abelian. Therefore every element of tt may divide only 
(^g2(n-2) _ Y^^q2(n-i) _ -|- 1)^ that is the elements of tt are divisors either 

of $2n(g)$2(n-l)(9)$2(n-2)(9)$«-2(<?) when n is odd or of d’2«((?)^’2(n-l) (<?) 
<f>2(„_2)((?)$«-!(9) when n is even. Hence every element of order a prime in tt 
is contained in a conjugate of at most four maximal tori. 

Let K ^ ^Di{q). Then = {q^ - l){q^ + q^ + l){q^ - 1 ) = <l>i{q)^^2iq? 
‘b3(9)'&4(9)'f’6(9)^'f’i2(9) and thus we have that a Sylow r-subgroup of K is cyclic 
if and only if r divides only ‘l>3(g)$4((jf)$i2((;). Hence the elements of order a 
prime in tt are contained in the conjugates of at most three maximal tori of K. 

Let K ^ 62(9). Then \K\s' = {q"^-l){q^-l) = $i(g)^$2(g)^$3('7)$6(9) and 
thus a Sylow r-subgroup of K is cyclic if and only if r divides only ^3{q)^G{q). 
Hence the elements of order a prime in tt are contained in the conjugates of at 
most two maximal tori of K. 

Let K ^ F^iq). Then \K\s- = (q^-l)iq^-l){q^-l){q^^ -1) = $i(g) 4 $ 2 (<z)" 
$3(g)^<i>4((7)^$6(9)^‘f’8((z)‘l^i2(9) and thus a Sylow r-subgroup of K is cyclic if 
and only if r divides only ‘f’8(<?)‘bi2(<z)- Hence the elements of order a prime in 
TT are contained in the conjugates of at most two maximal tori of K. 

Let K ^ Eeiq). Then \KU> = (q^ - l)iq^ - l){q^ - l)iq^ - l){q^ - 1 ) 
{q^^ — 1 ) and a Sylow r-subgroup of K is cyclic if and only if r divides only 
^5{q)^8{q)^9{q)^i2iq)- Hence the elements of order a prime in tt are contained 
in the conjugates of at most four maximal tori of K. 

Let K ^ ^Eeiq). Then = (q^ - l){q^ + l){q^ - l)iq^ - l)iq^ + 

“ 1 ) and a Sylow r-subgroup of K is cyclic if and only if r divides only 
^8{q)^io{q)^i2{q)^i8{q)- Hence the elements of order a prime in tt are con¬ 
tained in the conjugates of at most four maximal tori of K. 

Let K ^ E^iq). Then \K\s> = {q^ - 1 )(( 7 ® - l)(g® - - 

1 )(( 7 ^® — 1 ) and a Sylow r-subgroup of K is cyclic if and only if r divides only 

Let H be the subgroup that arises from the root subsystem Sq of E generated 
by the set H* \ {ai}. Then Eq = Ai x Eq and H = Hi ■ H2 where Hi = Ai{q) 
and H2 = Ee{q). Now if r divides $5((;)‘l>6((7)‘b8((z)‘b9(<7)‘bi2(9), then the group 
H2 contains an element of order r whose centralizer is not abelian. Hence the 
elements of order a prime in tt are contained in the conjugates of at most four 
maximal tori of K. 

Let K ^ E3{q). Then \K\s' = - l)(g® - - 1 )(( 7 ^® - l)(g 2 °- 

~ ~ 1 ) and a Sylow r-subgroup of K is cyclic if and only if r divides 

only 

‘b 7 ('i')$ 9 ( 9 )‘hl 4 (<?)‘bl 5 ( 9 )'E* 18 (<Z)‘l’ 2 o( 9 )‘b 24 (<?)‘b 3 o( 9 )- 

Let H be the subgroup that arises from the root subsystem Eq of E generated 
by the set H* \ {ai}. Then Eq = Ai x E^ and H = Hi ■ H2 where Hi = Ai{q) 
and H2 = E'j{q). Now if r divides <f>7(g)$9(g)$i4(g)$i8((7), then the group 
H2 contains an element of order r whose centralizer is not abelian. Hence the 
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elements of order a prime in tt are contained in the conjugates of at most four 
maximal tori of K. 

Let K = ^ 52 ( 9 ), q even. Then \K\s' = {q^ + l){q— 1) = $i((j')$ 4 (g). Hence 
the elements of order an odd prime of K are contained in the conjugates of two 
maximal tori of K. 

Let K = ‘^Fi{q), q even. Then \K\s' = (q® + l){q‘^ - l){q^ + l){q - 1) = 
$i(g)^$ 2 ((z)^‘f’ 4 ( 9 )^‘h 6 ( 9 )‘f’i 2 ( 9 )- Hence a Sylow r-subgroup of K is cyclic if and 
only if r divides only ^eiq)^i 2 iq) and the elements of order a prime in tt are 
contained in the conjugates of two maximal tori of K. 

Let K = ‘^G 2 {q), g apower of 3. Then \K\s' = (g^+l)(g-l) = $i(g)$ 2 (g)‘h 6 (g)- 
Hence the elements of K with order an odd prime distinct from 3 are contained 
in the conjugates of three maximal tori of i^T. □ 

7 Proof of Theorem [1] 

We proved Theorem [3] for hyperelliptic rotations of odd prime order. In Theo¬ 
rem [T] the assumption that the hyperelliptic rotations have orders that are not 
powers of 2, ensures that each hyperelliptic rotation has a non trivial power 
whose order is an odd prime. The proof of Theorem [T] reduces to that of The¬ 
orem [3] once we observe that powers of hyperelliptic rotations enjoy the same 
properties as hyperelliptic rotations of odd prime order provided that the powers 
have themselves odd prime order. As a consequence, the hyperelliptic rotations 
of odd prime order can be replaced by powers of odd prime order of hyperelliptic 
rotations in the proof. 

Theorem [1], Let M be a closed orientable connected 3-manifold which is not 
homeomorphic to S^. Let G be a finite subgroup of orientation preserving dif- 
feomorphisms of M. Then G contains at most six conjugacy classes of cyclic 
subgroups generated by a hyperelliptic rotation of order not a power of two. 

Proof. 

For each hyperelliptic rotation ip in G let p be an odd prime dividing its 
order and / a non trivial power of p of order p. The key points to reduce the 
proof of Theorem [1] to that of Theorem [3] are the following: 

1 . As explained in Subsection [221 if 95 is a hyperelliptic rotation in G and p is 
an odd prime dividing the order of p, then a Sylow p-subgroup of G has the 
same algebraic properties as a Sylow p-subgroup where p is hyperelliptic. 
These properties are all that is needed in the proof of Theorem [31 If 
p itself has order p and the Sylow p-subgroup has rank 2, then exactly 
two cyclic groups generated by a rotation of order p are contained in 
that Sylow p-subgroup. In the general case, that is, when / belongs to 
the Sylow p-subgroup, this is not true anymore but we have at most two 
cyclic groups of order p generated by elements with non-empty fixed-point 
sets, according to Lemma [31 

2. We remark that if two hyperelliptic rotations have a common non-trivial 
power, then their fixed-point sets coincide and, by Lemma[Tl they generate 
the same cyclic group. This implies also that if two non-trivial powers 
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of two hyperelliptic rotations are conjugate, then so are the subgroups 
generated by the two rotations. 

3. As noted in Reniark[5]we know that Proposition[7]holds also in the general 
case. In the general case the subgroup O' can be replaced by the maximal 
normal solvable subgroup of odd order coprime with any prime that divides 
the order of a hyperelliptic rotation and O 2 can be replaced by the maximal 
normal solvable subgroup of order coprime with any odd prime that divides 
the order of a hyperelliptic rotation. 

4. Theorem 0] and Proposition |T] ensure that there are at most three com¬ 
muting cyclic subgroups of hyperelliptic rotations of order not a power of 
2, also in this setting. Thus we can exploit the strategy to cover the group 
with solvable groups in the general case, too, and the results of Section [S] 
hold. 

5. In Section [6] the proof is based essentially on the algebraic structure of 
the Sylow p-subgroups when p is hyperelliptic, so the arguments apply to 
cover the case of hyperelliptic rotations of order not a power of 2. 


□ 

Remark 13. It is worth pointing out that items I. and 2. above imply that 
if C? is a finite group of orientation preserving diffeomorphisms acting on a 
manifold M then, for any odd prime p, the cyclic subgroups generated 

by hyperelliptic rotations whose orders are divisible by p belong to at most two 
different conjugacy classes. 

The proofs of Theorems[3]and[T]show that there are constraints on the struc¬ 
ture of a finite group containing at least four conjugacy classes of hyperelliptic 
rotations with orders not powers of 2. We have: 

Proposition 11. Let G he a finite group of orientation preserving diffeomor¬ 
phisms of a closed connected i-manifold M S^. Assume that G contains 
at least four conjugacy classes of hyperelliptic rotations whose orders are not 
powers of 2. Then, there is a solvable normal subgroup N of G such that: 

• The layer E{G/N) has at most two components, which implies that so 
does G; 

• If the layer E{G/N) has two components, then E{G/N) = SL 2 {q) Xz /2 
SL2{q'). 

Moreover, if G/N is not a subgroup of GL4{2), then any odd prime dividing the 
order of a hyperelliptic rotation does not divide the order of N. 

The case of hyperelliptic rotations of order a power of 2 is considered in [Re] 
and [Mec] . We remark that, if a manifold admits a hyperelliptic rotation of 
order 2“, then the manifold is a Z/2-homology sphere (see [Go] 1. Combining 
the results in [Re] and [Mec] we obtain the following result. 

Theorem 9. Let M be a closed orientable connected 3-manifold which is not 
homeomorphic to S^. Let G be a finite group of orientation preserving diffeo¬ 
morphisms of M. Then G contains at most nine conjugacy classes of cyclic 
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subgroups generated by a hyperelliptic rotation of order a power of 2 and at 
most two of these conjugacy classes contain cyclic subgroups of order strictly 
greater than 2. 

Now Corollary[T]for hyperbolic manifold is a consequence of Theorems [1] and 

m 

8 Finite group actions on reducible manifolds 

In this short section we shall discuss finite groups of orientation preserving 
diffeomorphisms generated by hyperelliptic rotations and acting on reducible 
manifolds. We shall see that Theorem [3] is trivially fulfilled in this setting. The 
proof we give in the general case works also for the reducible one but here the 
situation is much simpler and is described by the following proposition. 

Proposition 12. Let M be a reducible manifold and let G C Dif f'^{M) he a 
finite group generated by at least two hyperelliptic rotations with distinct orders. 
In this case G is isomorphic to a finite subgroup of SO{i), and thus, up to 
conjugacy, G contains at most three cyclic groups generated by hyperelliptic 
rotations. 

Proof. 

Since G is a finite group, we can assume that it acts by isometries with 
respect to some Riemannian metric on M. Moreover, by the equivariant sphere 
theorem, we can assume that there is a prime decomposition of M into irre¬ 
ducible components which is G-equivariant. Note that each hyperelliptic rota¬ 
tion must fix setwise each sphere of the decomposition since the space of orbits 
is S^, hence so must G. Since G acts by isometries, its action is determined by 
the action on any sphere of the decomposition. It follows that G is conjugate 
to a finite subgroup of SO{3), that is cyclic, dihedral or a spherical triangular 
group. □ 


9 Proof of Theorem [2] 

The statement of Theorem [3] is equivalent to the following: 

Theorem 10. Let M be a closed, orientahle, connected, irreducible 3-manifold 
which is not homeomorphic to S^, then the group Dif f'^{M) of orientation 
preserving diffeomorphisms of M contains at most six conjugacy classes of cyclic 
subgroups generated by a hyperelliptic rotation of odd prime order. 

Notice that generically one expects that two hyperelliptic rotations in the 
group Diff'^{M) generate an infinite subgroup. 

9.1 Proof of Theorem 1101 for Seifert manifolds 

In this section we prove Proposition [T3] which implies Theorem (TU] for closed 
Seifert hbred 3-manifolds. We also show that the assumption that the hyperel¬ 
liptic rotations have odd prime orders cannot be avoided in general by exhibiting 
examples of closed Seifert hbred 3-manifolds M such that Diff'^{M) contains 
an arbitrarily large number of conjugacy classes of cyclic subgroups generated 
by hyperelliptic rotations of odd, but not prime, orders. 
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Proposition 13. Let M be a closed Seifert fibred S-manifold which is not home- 
omorphic to S^. Then the group Diff~^{M) of orientation preserving diffeomor- 
phisms of M contains at most one conjugacy class of cyclic subgroups generated 
by a hyperelliptic rotation of odd prime order except if M is a Brieskorn inte¬ 
gral homology sphere with 3 exceptional fibres. In this latter case Diff^{M) 
contains at most three non conjugate cyclic subgroups generated by hyperelliptic 
rotations of odd prime orders. 

Proof. 

By hypothesis M is a cyclic cover of branched over a knot, so it is ori- 
entable and a rational homology sphere by Remark [2J Notably, M cannot be 

X nor a Euclidean manifold, except for the Hantzsche-Wendt manifold, 
see [Q3 Chap. 8.2]. In particular, since M is prime it is also irreducible. 

Consider a hyperelliptic rotation '0 on M of odd prime order p and let K be 
the image of Fix{'tfj) in the quotient = M/fi by the action of ip. The knot 
K must be hyperbolic or a torus knot, otherwise its exterior would be toroidal 
and have a non-trivial JSJ-collection of essential tori which would lift to a non 
trivial JSJ-collection of tori for M, since the order oi ip is p > 2 (see jJSllJ] and 
[BSj l. By the orbifold theorem (see [BoPj . [CHKj l. the cyclic branched cover 
with order p > 3 of a hyperbolic knot is hyperbolic, with a single exception 
for p = 3 when K is the the figure-eight knot and M is the Hantzsche-Wendt 
Euclidean manifold. But then, by the orbifold theorem and the classification 
of 3-dimensional christallographic groups, ip is the unique, up to conjugacy. 
Euclidean hyperelliptic rotation on M, see for example [Dun] . [Zj. 

So we can assume that M is the p-fold cyclic cover of branched along a 
non trivial torus knot K of type (a, 6), where a > 1 and b > 1 are coprime inte¬ 
gers. Then M is a Brieskorn-Pham manifold M = E(p, a, b) = {z^ -h x^' -h y^ = 
0 with {z,x,y) G and \z\'^ \x\^ \y\^ = 1}. A simple computation shows 

that M admits a Seifert fibration with 3, p or p -|- 1 exceptional hbres and base 
space S^, see [Ko21 Lem. 2], or |BoPal Lemma 6 and proof of Lemma 7]. In 
particular M has a unique Seifert hbration, up to isotopy: by [Waj . |Sco2| and 
[BOt] the only possible exception with base and at least 3 exceptional fibres 
is the double of a twisted /-bundle, which is not a rational homology sphere, 
since it fibers over the circle. We distinguish now two cases: 

Case 1 : The integers a and b are coprime with p, and there are three singular 
fibres of pairwise relatively prime orders a, b and p. By the orbifold theorem 
any hyperelliptic rotation of M of order > 2 is conjugate into the circle action 

C Diff^{M) inducing the Seifert fibration, hence the uniqueness of the 
Seifert fibration, up to isotopy, implies that M admits at most 3 non conju¬ 
gate cyclic groups generated by hyperelliptic rotations with odd prime orders 
belonging to {a,b,p}. Indeed M is a Brieskorn integral homology sphere, see 
[BPZ] . 

Case 2: Either a = p and M has p singular fibres of order b, or a = a'p with 
a' > 1, and M has p singular fibres of order b and one extra singular fibre of 
order a'. In both situations, there are p > 3 exceptional fibres of order b which 
are cyclically permuted by the hyperelliptic rotation ip. As before, M has a 
unique Seifert fibration, up to isotopy. Therefore, up to conjugacy, ip is the only 
hyperelliptic rotation of order p on M, and by the discussion above M cannot 


32 


















admit a hyperelliptic rotation of odd prime order q ^ p. 


□ 


Remark 14. The requirement that the rotations are hyperelliptic is essential in 
the proof of Proposition lldl The Brieskorn homology sphere S(pi,... ^Pn), n > 
4, with n > 4 exceptional fibres admits n rotations of pairwise distinct prime 
orders but which are not hyperelliptic. 

The hypothesis that the orders of the hyperelliptic rotations are ^ 2 cannot 
be avoided either. 

Indeed, Montesinos’ construction of fibre preserving hyperelliptic involutions 
on Seifert fibered rational homology spheres |Monl] , [Mon2) , (see also |BS1 Ap¬ 
pendix A], jBZHl Chapter 12]), shows that for any given integer n there are 
infinitely many closed orientable Seifert fibred 3-manifolds with at least n con- 
jugacy classes of hyperelliptic rotations of order 2. 

On the other hand, the hypothesis that the orders are odd primes is sufficient 
but not necessary: A careful analysis of the Seifert invariants shows that if 
M 7 ^ is a Seifert rational homology sphere, then M can be the cyclic branched 
cover of a knot in of order > 2 in at most three ways. 

The hypotheses of Proposition[T3| cannot be relaxed further, though: Propo¬ 
sition M below shows that there exist closed 3-dimensional circle bundles with 
arbitrarily many conjugacy classes of hyperelliptic rotations of odd, but not 
prime, orders. 

Proposition 14. Let N be an odd prime integer. For any integer 1 < ? < "y 
the Brieskorn-Pham manifold M = 1), 2‘^ 1, 1) 

is a eircle bundle over a closed surface of genus g = 2^“^ with Euler class 
±1. Hence, up to homeomorphism (possibly reversing the orientation), M de¬ 
pends only on the integer N and admits at least conjugacy classes of cyclic 
subgroups generated by hyperelliptic rotations of odd orders. 

Proof. We remark first that the integers q and N — q are relatively prime, 
because N is prime. If fc is a common prime divisor of 2'^ -|- 1 and 2^^“'^^ -|- 1, by 
Bezout identity we have 2^ = = (_i)“+f' mod k which implies that 

k = 3. But then (—1)'^ = (—= —1 mod 3 and thus (—1)^ = 1 mod 3 
which is impossible since N is odd. Hence 2'^ -|- 1 and -|- 1 are relatively 

prime. 

So the Brieskorn-Pham manifold M is the (2'^ -|- 1)(2(^“'J) -|- l)-fold cyclic 
cover of branched over the torus knot Kq = T(2‘^ -j- -\- 1). It is 

obtained by Dehn filling the (2‘^ -\--\- I)-fold cyclic cover of the exterior 
of the torus knot Kq along the lift of its meridian. The {2‘> -\-1)(2^^~'>'> -f l)-fold 
cyclic cover of the exterior of Kq is a trivial circle bundle over a once punctured 
surface of genus g = 2^ — 1. On the boundary of the torus-knot exterior the 
algebraic intersection between a meridian and a fibre of the Seifert fibration of 
the exterior is ±1 (the sign depends on a choice of orientation, see for example 
[BZHl Chapter 3]). So on the torus boundary of the (2® -|- 1)(2^^“'J) -|- 1)- 
fold cyclic cover the algebraic intersection between the lift of a meridian of the 
torus knot and a S^-fiber is again ±1. Hence the circle bundle structure of the 
(2*^ -b -b l)-fold cyclic cover of the exterior of the torus knot Kq can be 

extended with Euler class ±1 to the Dehn filling along the lift of the meridian. 
So M is a circle bundle over a closed surface of genus g = 2^~^ with Euler class 
± 1 . 
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Since the torus knots Kq = T{2'^ + 1, + 1) are pairwise inequivalent 

for 1 < <7 < the cyclic subgroups generated by the hyperelliptic rotations 
corresponding to the (2^ + 1) + l)-fold cyclic branched covers of the knots 

Kq are pairwise not conjugate in Dif □ 

Remark 15. Note that the Seifert manifolds M and their hyperelliptic rotations 
constructed in Proposition [T3] enjoy the following properties: If N > 8, then 
no hyperelliptic rotation can commute up to conjugacy with all the remaining 
ones (see Theorem H] and |BoPal Theorem 2]). If iV > 14 no finite subgroup 
of Diff^{M) can contain up to conjugacy all hyperelliptic rotations of M, 
according to Theorem [TJ 

9.2 Reduction to the finite group action case 

The fact that Theorem [TU] implies Corollary 2] follows from the existence of a 
decomposition of a closed, orientable 3-manifold M as a connected sum of prime 
manifolds and the observation that a hyperelliptic rotation on M induces a hy¬ 
perelliptic rotation on each of its prime summands. A 3-manifold admitting 
a hypereliptic rotation must be a rational homology sphere, and so M cannot 
have X summands. Hence all prime summands are irreducible and at least 
one is not homeomorphic to S^, since M itself is not homeomorphic to S^. This 
is enough to conclude. 

The remaining of this section is devoted to the proof that Theorem |3] implies 
Theorem [TUI 

We prove the following proposition: 

Proposition 15. If M is a closed, orientable, irredueible 3-manifold such that 
there are k >7 eonjugacy classes of cyclic subgroups of Dif f^{M) generated 
by hyperelliptic rotations of odd prime order, then M is homeomorphic to S^. 

Proof. 

Let M be a closed, orientable, irreducible 3-manifold such that Diff^{M) 
contains k>7 conjugacy classes of cyclic subgroups generated by hyperelliptic 
rotations of odd prime orders. 

According to the orbifold theorem (see [BoPj . [BMP] . |CHK| b a closed ori¬ 
entable irreducible manifold M admitting a rotation has geometric decomposi¬ 
tion. This means that M can be split along a (possibly empty) finite collection 
of TTi-injective embedded tori into submanifolds carrying either a hyperbolic or 
a Seifert fibered structure. This splitting along tori is unique up to isotopy and 
is called the JSJ-decomposition of M, see for example |NS| . [BMPl chapter 3]. 
In particular, if its JSJ-decomposition is trivial, M admits either a hyperbolic 
or a Seifert fibred structure. 

First we see that M cannot be hyperbolic. Indeed, if the manifold M is 
hyperbolic then, by the orbifold theorem, any hyperelliptic rotation is conju¬ 
gate into the finite group Isom'^{M) of orientation preserving isometries of M. 
Hence, applying Theorem|3]to G = Isom^{M), we see that fc < 6 against the 
hypothesis. 

If the manifold M is Seifert fibred, it follows readily from Proposition [T3l of 
the previous section that M = S^. So we are left to exclude the case where the 
JSJ-decomposition of M is not empty. 
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Consider the JSJ-decomposition of M: each geometric piece admits either 
a complete hyperbolic structure with finite volume or a Seifert fibred product 
structure with orientable base. Moreover, the geometry of each piece is unique, 
up to isotopy. 

Let = {^ 1 ,..., ■i/'fc, A; > 7} be the set of hyperelliptic rotations which 
generate non conjugate cyclic subgroups in Dif By the orbifold theorem 

[BoPj . [BMP], |CHKj ■ after conjugacy, one can assume that each hyperelliptic 
rotation preserves the JSJ-decomposition, acts isometrically on the hyperbolic 
pieces, and respects the product structure on the Seifert pieces. We say that 
they are geometric. 

Let r be the dual graph of the JSJ-decomposition: it is a tree, for M is a 
rational homology sphere (in fact, the dual graph of a manifold which is the 
cyclic branched cover of a knot is always a tree, regardless of the order of the 
covering). Let H C Dif f^{M) be the group of diffeomorphisms of M generated 
by the set 'k of geometric hyperelliptic rotations. By [BoPal Thm 1], there is 
a subset d'o C of /cq > 4 hyperelliptic rotations with pairwise distinct odd 
prime order, say 4'o = {'f/’ii * = 1,. ■., fco}. 

Let Hy denote the image of the induced representation of H in Aut{T). Since 
rotations of finite odd order cannot induce an inversion on any edge of P, the 
finite group Hy must fix point-wise a non-empty subtree P/ of P. 

The idea of the proof is now analogous to the ones in [BoPaj and [BPZj : we 
start by showing that, up to conjugacy, the ko > A hyperelliptic rotations with 
pairwise distinct odd prime orders can be chosen to commute on the submani¬ 
fold Mf of M corresponding to the subtree P/. We consider then the maximal 
subtree corresponding to a submanifold of M on which these hyperelliptic rota¬ 
tions commute up to conjugacy and prove that such subtree is in fact P. Then 
the conclusion follows as in the proof of Theorem [J] by applying Proposition |4| 

The first step of the proof is achieved by the following proposition: 

Proposition 16. The hyperelliptic rotations in dtg commute, up to conjugacy 
in Dif on the submanifold Mf of M corresponding to the subtree Tj. 

Proof. 

Since the hyperelliptic rotations in <f> have odd orders, either T f contains an 
edge, or it consists of a single vertex. We shall analyse these two cases. 

Case 1: Mf contains an edge. 

Claim 7. Assume that P f contains an edge and let T denote the corresponding 
torus. The hyperelliptic rotations in d>o commute, up to conjugacy in Diff'^{M), 
on the geometric pieces of M adjacent to T. 

Proof. 

The geometric pieces adjacent to T are left invariant by the hyperelliptic 
rotations in d'o, since their orders are odd. Let V denote one of the two adjacent 
geometric pieces: each hyperelliptic rotation acts non-trivially on V with odd 
prime order. We distinguish two cases according to the geometry of V. 

V is hyperbolic. In this case all rotations act as isometries and leave a cusp 
invariant. Since their order is odd, the rotations must act as translations along 
horospheres, and thus commute. 
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Note that, even in the case where a rotation has order 3, its axis cannot 
meet a torus of the JSJ-decomposition of M for each such torus is separating 
and cannot meet the axis in an odd number of points. 

V is Seifert fibred. In this case we can assume that the hyperelliptic rotations 
in 'h preserve the Seifert fibration with orientable base. Since their orders are 
odd and prime, each one preserves the orientation of the fibres and of the base. 
The conjugacy class of a fiber-preserving rotation of V with odd prime order 
depends only on its combinatorial behaviour, i.e. its translation action along the 
fibre and the induced permutation on cone points and boundary components of 
the base. In particular, two geometric rotations with odd prime order having 
the same combinatorial data are conjugate via a diffeomorphism isotopic to the 
identity. 

Since the hyperelliptic rotations in 'I'o have pairwise distinct odd prime 
orders, an analysis of the different cases described in Lemma[7]below shows that 
at most one among these hyperelliptic rotations can induce a non trivial action 
on the base of the fibration, and thus the remaining ones act by translation 
along the fibres and induce the idendity on the base. Since the translation 
along the fibres commutes with every fiber-preserving diffeomorphism of V, the 
hyperelliptic rotations in 'I'o commute on V. 

Lemma [ 7 ] describes the Seifert fibred pieces of a manifold admitting a hy¬ 
perelliptic rotation of odd prime order, as well as the action of the rotation on 
the pieces. Its proof can be found in |BoPal Lemma 6 and proof of Lemma 7], 
see also |Ko21 Lem. 2]. 

Lemma 7. Let M be an irreducible 3-manifold admitting a non trivial JSJ- 
decomposition. Assume that M admits a hyperelliptic rotation of prime odd 
order p. Let V be a Seifert piece of the JSJ-decomposition for M. Then the 
base B of V can be: 

1. A disc with 2 cone points. In this case either the rotation freely permutes p 
copies of V or leaves V invariant and acts by translating along the fibres. 

2. A disc with p cone points. In this case the rotation leaves V invariant 
and cyclically permutes the singular fibres, while leaving a regular one 
invariant. 

3. A disc with p-\-l cone points. In this case the rotation leaves V and a sin¬ 
gular fibre invariant, while cyclically permuting the remaining p singular 
fibres. 

4 . An annulus with I cone point. In this case either the rotation freely per¬ 
mutes p copies of V or leaves V invariant and acts by translating along 
the fibres. 

5. An annulus withp cone points. In this case the rotation leaves V invariant 
and cyclically permutes the p singular fibres. 

6. A disc withp—1 holes and 1 cone point. In this case the rotation leaves V 
invariant and cyclically permutes all p boundary components, while leaving 
invariant the only singular fibre and a regular one. 

7. A disc with k holes, k > 2. In this case either the rotation freely permutes 
p copies of V or leaves V invariant. In this latter case either the rotation 
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acts by translating along the fibres, or k = p—1 and the rotation permutes 
all the boundary components (while leaving invariant two fibres), or k = p 
and the rotation permutes p boundary components, while leaving invariant 
the remaining one and a regular fibre. 


□ 

We conclude that the rotations in can be chosen to commute on the 
submanifold Mj oi M corresponding to F/ by using inductively at each edge of 
r f the gluing lemma below (see [Lemma 6] [BPZj L We give the proof for the 
sake of completeness. 

Lemma 8. If the rotations preserve a JSJ-torus T then they commute on the 
union of the two geometric pieces adjacent to T. 

Proof. 

Let V and W be the two geometric pieces adjacent to T. By Claim 0 after 
conjugacy in Diff'^{M), the rotations in d'o commute on V and W. Since 
they have pairwise distinct odd prime orders, their restrictions on V and W 
generate two cyclic groups of the same finite odd order. Let gv and gw be 
generators of these two cyclic groups. Since they have odd order, they both act 
by translation on T. We need the following result about the slope of translation 
for such periodic transformation of the torus: 

Claim 8. Let ip be a periodic diffeomorphism of the product x [0,1] which 
is isotopic to the identity and whose restriction to each boundary torus T x {i}, 
i = 0,1, is a translation with rational slopes ao and ai in iLi(T^;Z). Then 
ttO = Oil- 

Proof. 

By Meeks and Scott |MS1 Thm 8.1], see also [BSi Prop. 12], there is a 
Euclidean product structure on x [0,1] preserved by ip such that tf acts by 
translation on each fiber T x {t} with rational slope at- By continuity, the 
rational slopes at are constant. □ 

Now the the following claim shows that the actions of gw and gv can be 
glued on T. 

Claim 9. The translations gvlr and gwlr have the same slope in iLi(r^;Z). 

Proof. 

Let 'Lq = {ipi, * = 1, •. ■, ko}. Let pi the order of ipi and qt = Ilj,^iPj. Then 
the slopes ay and aw of gvW and gwW verify: qtay = qiaw for z = 1,..., ko, 
by applying Claim [8] to each ipi. Since the GCD of the qt is 1, it follows that 
ay = aw- n 

This finishes the proof of Lemma |S] and of Proposition [TBl when Mf contains 
an edge. □ 

To complete the proof of Proposition[Tn|it remains to consider the case where 
Fj is a single vertex. 

Case 2: M/ is a vertex. 
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Claim 10. A ssume that F f consists of a single vertex and let V denote the 
corresponding geometric piece. Then the hyperelliptic rotations in 'Fq commute 
on V, up to conjugacy in Diff~^(M). 

Proof. 

We consider again two cases according to the geometry of V. 

The case where V is Seifert fibred follows once more from Lemma [T] 

We consider now the case where V is hyperbolic. 

In this case, the hyperelliptic rotations in act non trivially on V by isome¬ 
tries of odd prime orders. The restriction H^y C Isom'^{V) of the action of the 
subgroup H that they generate in Diff^{M) is finite. 

If the action on V of the cyclic subgroups generated by two of the hyper¬ 
elliptic rotations in 'F are conjugate in H^y, one can conjugate the actions in 
Diff^{M) to coincide on V, since any diffeomorphism in 7J|y extends to M. 
Then by |BoPa[ Lemma 10] these actions must coincide on M, contradicting the 
hypothesis that the conjugacy classes of cyclic subgroups generated by the hy¬ 
perelliptic rotations in are pairwise distinct in Diff^{M). Hence, the cyclic 
subgroup generated by the k > 7 hyperelliptic rotations in are pairwise not 
conjugate in the finite group H^y C Isom~^(V). 

Since the dual graph of the JSJ-decomposition of M is a tree, a boundary 
torus T C dV is separating and bounds a component Ut oi M\ int{V). Since, 
by hypothesis, T f consists of a single vertex, no boundary component T is 
setwise fixed by the finite group H\y. This means that there is a hyperelliptic 
rotation G 'F of odd prime order pi such that the orbit of Ut under ipi is the 
disjoint union of pi copies of Ut- In particular Ut projects homeomorphically 
onto a knot exterior in the quotient = M/ipi. Therefore on each boundary 
torus T = OUt C dV, there is a simple closed curve At, unique up to isotopy, 
that bounds a properly embedded incompressible and 9-incompressible Seifert 
surface St in the knot exterior Ut- 

By pinching the surface St onto a disc D^, in each component Ut of M \ 
int{V), one defines a degree-one map tt : M —M', where M' is the rational 
homology sphere obtained by Dehn filling each boundary torus T <Z V along 
the curve At- 

For each hyperelliptic rotation in T, of odd prime order pi, the '(/'i-orbit 
of each component Ut of M \ int{V) consists of either one or pi elements. As a 
consequence, by [Saj , -ipi acts equivariantly on the set of isotopy classes of curves 
At C dV. Hence, each ipi extends to periodic diffeomorphism ip'^ of order pi on 
M'. Moreover, M' is a Z/pi-bomology sphere, since so is M and tt : M — M' 
is a degree-one map. According to Smith’s theory, if Fixpip') is non-empty on 
M', then tpi is a rotation on M'. To see that Fix{ip') 0 on M' it suffices to 
observe that either Fix{ip) <Z V or ipi \b a. rotation of some Ut', in this latter 
case, ip'i must have a fixed point on the disc onto which the surface St is 
pinched. To show that ipi is hyperelliptic it remains to show that the quotient 
M'/ip'-j^ is homeomorphic to S^. 

Since ipt acts equivariantly on the components Ut oi M \ int{V) and on the 
set of isotopy classes of curves At C dV, the quotient = M/ipi is obtained 
from the compact 3-manifold V/ipi by gluing knot exteriors (maybe solid tori) 
to its boundary components, in such a way that the boundaries of the Seifert 
surfaces of the knot exteriors are glued to the curves XT/'f’i C dVjipi. 

In the same way, the rotation ip^ acts equivariantly on the components M' \ 


38 




int{V) and on the set of isotopy classes of curves At C dV. By construction, 
these components are solid tori, and either the axis of the rotation is contained 
in V or there exists a unique torus T G dV such that the solid torus glued to 
T to obtain M' contains the axis. In the latter case, by [ELI Cor. 2.2], the 
rotation preserves a meridian disc of this solid torus and its axis is a core 
of Wt- It follows that the images in the quotient M'/'i/i' of the the solid tori 
glued to dV are again solid tori. Hence M' is obtained from by replacing 
each components of \ V/ipi by a solid torus, in such way that boundaries 
of meridian discs of the solid tori are glued to the curves Xr/'ipi C dV/ip'^. It 
follows that M'/?/)' is again S^. 

So far we have constructed a closed orientable 3-manifold M' with a hnite 
subgroup of orientation preserving diffeomorphisms Hy that contains at least 
seven conjugacy classes of cyclic subgroups generated by hyperelliptic rotations 
of odd prime orders. Theorem [3] implies that M' must be S^, and thus by 
the orbifold theorem [BLPj Hy is conjugate to a finite subgroup of S'0(4). 
In particular the subgroup Hq C Hy generated by the subset dto of at least 4 
hyperelliptic rotations with pairwise distinct odd prime orders must be solvable. 
Therefore, by Proposition |B] the induced rotations commute on M' and, by 
restriction, the hyperelliptic rotations in commute on V. □ 

In the final step of the proof we extend the commutativity on Mf to the 
whole manifold M. The proof of this step is analogous to the one given in 
[BPZ] , since the proof there was not using the homology assumption. We give 
the argument for the sake of completeness. 

Proposition 17. The > A hyperelliptic rotations in 4'o commute, up to 
conjugacy in Diff^{M), on M. 

Proof. 

Let Pc be the largest subtree of P containing P f, such that, up to conjugacy 
in Diff^{M), the rotations in 4'o commute on the corresponding invariant 
submanifold Me of M. We shall show that P^ = P. If this is not the case, we 
can choose an edge contained in P corresponding to a boundary torus T of Me- 
Denote by Ut the submanifold of M adjacent to T but not containing Me and 
by Vt C Ut the geometric piece adjacent to T. 

Let Hq C Diff~^{M) be the group of diffeomorphisms of M generated by 
the set of geometric hyperelliptic rotations 'kg = {ipi, i = 1, ■ • ■, ^o}- Since the 
rotations in commute on Me and have pairwise distinct odd prime orders, 
the restriction of iLg on on Me is a cyclic group with order the product of the 
orders of the rotations. Since P/ C Pc, the iLg-orbit of T cannot be reduced to 
only one element. Moreover each rotation ip G A/q either fixes T or acts freely 
on the orbit of T since its order is prime. 

If no rotation in ^/g leaves T invariant, the iLg-orbit of T contains as many 
elements as the product of the orders of the rotations, for they commute on Me¬ 
in particular, only the identity (which extends to U) stabilises a torus in the 
iLg-orbit of T. Note that all components of dMc are in the iLg-orbit of T and 
bound a manifold homeomorphic to Ut- 

Since the rotation ipi acts freely on the iLg-orbit of Ut, Ut is a knot exterior 
in the quotient M/ipi = S^. Hence there is a well defined meridian-longitude 
system on T = SUt and also on each torus of the iLg-orbit of T. This set of 
meridian-longitude systems is cyclically permuted by each ipi and thus equiv- 
ariant under the action of iLg. 
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Let Mc/Hq be the quotient of Me by the induced cyclic action of Hq on Me- 
Then there is a unique boundary component T' C d{Mc/ Hq) which is the image 
of the iJo-orbit of T. We can glue a copy of the knot exterior Ut to Mc/Hq along 
T' by identifying the image of the meridian-longitude system on BUt with the 
projection on T' of the equivariant meridian-longitude systems on the iJo-orbit 
of T. Denote by N the resulting manifold. For all i = 1,... ,kQ, consider the 
cyclic (possibly branched) cover of N of order qi = Ylj^iPj which is induced 
by the cover : Mc/ipi —^ Mc/Hq. This makes sense because 7 ri(T') C 
'Ki^,{'Ki{Mc/4’i))■ Call Ni the total space of such covering. By construction it 
follows that Ni is the quotient {Me U Hq ■ UT)/4’i- This implies that the i/i’s 
commute on Me U Hq ■ Ut contradicting the maximality of Tc. 

We can thus assume that some rotations fix T and some do not. Since all 
rotations commute on Me and have pairwise distinct odd prime orders, we see 
that the orbit of T consists of as many elements as the product of the orders 
of the rotations which do not fix T and each element of the orbit is fixed by 
the rotations which leave T invariant. The rotations which fix T commute on 
the orbit of Vt according to Claim [3 and Lemma [51 and form a cyclic group 
generated by, say, 7 . The argument for the previous case shows that the rota¬ 
tions acting freely on the orbit of T commute on the orbit of Ut and thus on 
the orbit of Vr, and form again a cyclic group generated by, say, rj. To reach 
a contradiction to the maximality of Me, we shall show that 7 , after perhaps 
some conjugacy, commutes with 77 on the iLo"Orbit of Vr, in other words that 
7 and 77777 “^ coincide on Hq ■ Vr. Since 77 acts freely and transitively on the 
iLo-orbit of Vt there is a natural and well-defined way to identify each element 
of the orbit Hq ■ Vt to Vt itself. Note that this is easily seen to be the case if 
Vt is hyperbolic: this follows from Claim |3 and Claim [ 8 ] We now consider the 
case when Vt is Seifert fibred. 

Claim 11. A ssume that Vt is Seifert fibred and that the restriction ofj induces 
a non-trivial action on the base ofVr. Then 7 induces a non-trivial action on 
the base of each component of the Ho-orbit ofVr- Moreover, up to conjugacy 
on Hq -Vt/Vt by diffeomorphisms which are the identity on Hq ■ T and extend 
to M , we can assume that the restrictions of ^ to these components induce the 
same permutation of their boundary components and the same action on their 
bases. 

Proof. 

By hypothesis 7 and r]'yT]~^ coincide on dMc. The action of 7 on the base of 
Vt is non-trivial if and only if its restriction to the boundary circle of the base 
corresponding to the fibres of the torus T is non-trivial. Therefore the action of 
7 is non-trivial on the base of each component of Hq ■ Vt • 

By Lemma 0 and taking into account the fact that Fr is a geometric piece 
in the JSJ-decomposition of the knot exterior Ut, the only situation in which 
the action of 7 on the base of Vt is non-trivial is when the base of Vt consists of 
a disc with p holes, where p is the order of one of the rotations that generate 7, 
the only one whose action is non trivial on the base of the fibration. Moreover, 
the restriction of 7 to the elements of Hq ■ Vr cyclically permutes their boundary 
components which are not adjacent to Me. Up to performing Dehn twists, along 
vertical tori inside the components of Hq ■Vt\Vt, which permute the boundary 
components, we can assume that the restriction of 7 induces the same cyclic 
permutations on the boundary components of each element of the orbit Hq ■ Vt. 
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We only need to check that Dehn twists permuting two boundary components 
extend to the whole manifold M. This follows from the fact that the manifolds 
adjacent to these components are all homeomorphic and that Dehn twist act 
trivially on the homology of the boundary. 

Since the actions of the restrictions of 7 on the bases of the elements of 
Hq ■ Vt are combinatorially equivalent, after perhaps a further conjugacy by an 
isotopy, the different restrictions can be chosen to coincide on the bases. □ 

By Claim [7] and Claim ITT] we can now deduce that the restrictions of 7 and 
77777 “^ to the i7o-orbit of Vr commute, up to conjugacy of 7 which is the identity 
on the 77o-orbit of T. Since 7 and 77777 “^ coincide on this ifo-orbit of T, we can 
conclude that they coincide on the Ho-oihit of Vt- This finishes the proof of 
Proposition [T71 □ 

Since there are at least four hyperelliptic rotations with paiwise distinct 
odd prime orders in 4'o, Proposition fTKl is consequence of Proposition ITTl and 
Proposition m like in the solvable case, or by applying Theorem |4l □ 

Remark 16. As we have seen, the strategy to prove that an irreducible manifold 
M with non-trivial JSJ-decomposition cannot admit more than six conjugacy 
classes of subgroups generated by hyperelliptic rotations of odd prime order 
inside Diff^{M) consists in modifying by conjugacy any given set of hyperel¬ 
liptic rotations so that the new hyperelliptic rotations commute pairwise. Note 
that this strategy cannot be carried out in genral if the orders are not pairwise 
coprime (see, for instance, [BoPal Section 4.1] where the case of two hyperellip¬ 
tic rotations of the same odd prime order, generating non conjugate subgroups, 
is considered). Similarly, for hyperelliptic rotations of arbitrary orders > 2 lack 
of commutativity might arise on the Seifert fibred pieces of the decomposition, 
as it does for the Seifert fibred manifolds constructed in Proposition [HI 

10 Appendix: non-free finite group actions on 
rational homolgy spheres 

In this section we will show that every finite group G admits a faithful action 
by orientation preserving diffeomorphisms on some rational homology sphere so 
that some elements of G have non-empty hxed-point sets. 

Cooper and Long’s construction of G-actions on rational homolgy spheres in 
[CL] consists in starting with a G-action on some 3-manifold and then modifying 
the original manifold, notably by Dehn surgery, so that the new manifold inherits 
a G-action but has “smaller” rational homology. Since their construction does 
not require that the G-action is free, it can be used to prove the existence of 
non-free G-actions. We will thus start by exhibiting non-free G-actions on some 
3-manifold before pointing out what need to be taken into account in this setting 
in order for Cooper and Long’s construction to work. 

Since every cyclic group acts as a group of rotations of S^, for simplicity we 
will assume that G is a hnite non-cyclic group. 

Claim 12. Let G be a finite non-cyclic group. There is a closed, connected, 
orientable 3-manifold M on which G acts faitfully, by orientation preserving 
diffeomorphisms so that there are g € G\{1} with the property that Fix{g) 0. 
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Proof. 

Let k >2 and let {gi}i<i<k+i be a system of generators for G satisfying the 
following requirements: 

• for all 1 < z < /c + 1, the order of gi is Ui > 2; 

• 9 k+i = gigi ■■■gk- 

Since G is not cyclic these conditions are not difficult to fulfill, and actually 
they can be fulfilled even in the case when G is cyclic for an appropriate choice 
of the set {gi]i<i<k+i- 

Consider the free group of rank k that we wish to see as the fundamental 
group of a (fc + l)-punctured 2-sphere: each generator Xi corresponds to a loop 
around a puncture of the sphere so that a loop around the fc -I- 1st puncture 
corresponds to the element xiX 2 ■ ■ - Xk- Build an orbifold O by compactifying 
the punctured-sphere with cone points so that the zth puncture becomes a cone 
point of order rii. The resulting orbifold has (orbifold) fundamental group with 
the following presentation: 

{x\ , X2: ■ • ■ : ^k ^ ^k+l \ • ■ • ^k^k+l') ' 

Clearly this group surjects onto G. Such surjection gives rise to an orbifold 
covering E —> O, where E is an orientable surface on which G acts in such a 
way that each element gi has non-empty fixed-point set. One can consider the 
3-manifold E x S^: the action of G on E extends to a product action of G on 
E X which is trivial on the factor. □ 

To be able to repeat Cooper and Long’s construction it is now easy to observe 
that it is always possible to choose G-equivariant families of simple closed curves 
in M so that they miss the fixed-point sets of elements of G and either their 
homology classes generate Hi{M]Q) (so that the hypothesis of m Lemma 
2.3] are fulfilled when we choose X to be the exterior of such families) or the 
family is the G-orbit of a representative of some prescribed homology class (as 
in the proof of m Proposition 2.5]). 

Acknowledgement The authors are indebted to M. Broue for valuable dis¬ 
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